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Notes on Kuhn-Tucker’s Sufficiency Theorem

1 Introduction

Kuhn-Tucker’s sufficiency theorem is one of the most useful results for solving constrained optimization
problems. Given a point & in the constraint set, and a vector )\ of Kuhn-Tucker multipliers, which jointly
satisfy the Kuhn-Tucker conditions, the theorem provides conditions on the objective and constraint
functions sufficient to ensure that the point Z is a point of constrained global maximum. [In fact, it does
more: it ensures that (z, 5\) is a saddle-point, but we are mainly interested in the constrained global
maximum property, when we are trying to solve a constrained optimization problem].

The Kuhn-Tucker conditions involve derivatives, so one needs differentiability of the objective and
constraint functions. The sufficient conditions involve concavity of the objective and constraint func-
tions. The version of the Kuhn-Tucker theorem given in Theorem 46 of the Lecture Notes assumes
both the differentiability property and the concavity property on an open set X. However, it is possible
to separate the domains on which these two properties hold for the class of problems of interest in
economics. These notes indicate how this separation can be carried out, by following the approach of
Arrow and Enthoven. The resulting theorem (Theorem 1 below) assumes concavity of the objective and
constraint functions on R’ , while assuming continuous differentiability of these functions on an open
set X containing R" .

The differentiability assumption of Theorem 1 allows one to differentiate the objective and constraint
functions not just in the interior of R}, but also at boundary points of R’}. In applying the result to
solve constrained optimization problems, the differentiability assumption will be typically met in those
cases where the derivatives of the functions approach well-defined (finite) limits as one approches points
of the boundary from points in the interior of R}.

If one of the partial derivatives of the objective function or one of the constraint functions be-
comes unbounded as one approches points of the boundary from points in the interior of R’, then
the differentiability assumption of Theorem 1 will not hold. However, in such cases, a result with a
milder differentiability assumption will typically be applicable. We present such a result in Theorem 2.
Examples are given to illustrate the typical applications of Theorems 1 and 2.

2 Basic Inequality for Differentiable Concave Functions

We start by reviewing the result in Theorem 27 of the Lecture Notes on differentiable concave functions
(which was proved in Problem Set 7). Notice the separation of the domains of differentiability and
concavity of the function in Lemma 1 below, in contrast to Theorem 27 of the Lecture Notes. [Lemma
1 below appears as Lemma 2 in Chapter 11 of the Lecture Notes|.

Lemma 1 Let X be an open set in R", with R"} C X, and let h : X — R be continuously differentiable
on X. If h is concave on R, then for all x,z" € R,

h(z) = h(z') < Vh(2')(z - 2) (1)



Proof. Define z(n) =z + (u/n),z'(n) = ' + (u/n), where u = (1,1,...,1) in R”, and n € N. Then,
z(n) and 2’(n) belong to R% | for all n € N, and h is concave on the open set R’_, so we can apply
Theorem 27 of the Lecture Notes to get:

h(z(n)) = h(z'(n)) < Vh(z'(n))(2(n) - 2'(n)) (2)

Now, we let n — oo. Then z(n) — Z,2'(n) — 2’; by continuity of h on X (which contains R ),
h(z(n)) — h(z) and h(z'(n)) — h(z’); by continuity of D;h on X (which contains R?), we have
D;h(z'(n)) — D;h(x'). Using these facts in (2) and noting that weak inequalities are preserved in the
limit, we obtain (1). // =

3 The Kuhn-Tucker Sufficiency Theorem

We can now use Lemma 1 above to provide the following version of the Kuhn-Tucker Sufficiency The-
orem. As in Lemma 1, notice the separation of the domains of differentiability and concavity of the
objective and constraint functions in Theorem 1 below, in contrast to Theorem 46 of the Lecture Notes.

Theorem 1 Let X be an open set in R™, with R} C X, and let f, G7 (j = 1,...,7) be continuously
differentiable functions from X to R. Suppose (&,7) € R x R satisfies the Kuhn-Tucker conditions:

(1) Dif (&) + Y5, 1 DiGI(2) <0 fori=1,..,n
(i1) &:[Di f(2) + 275 7;D;GI(2)] =0 fori=1,..,n
(ii1) GI(2) >0 forj=1,..,r

(iv) 1;GI (&) =0 forj=1,..,r

3)

If f,GI (j =1,...,m) are concave on R, then & solves the problem:

Mazx f(zx)
subject to GI(x) >0 forj=1,..,r (4)
and z € RY

Proof. Define the constraint set, C, of problem (4) by:
C={zeR}:G/(z)>0 forj=1,..,7} (5)

Note that since € R}, and (3)(iii) holds, we have & in the constraint set C.
Define:

-
oz, 0) = fx) + ZﬁjGj(m) for all z € X (6)

j=1
Then, given ©, we know that ¢ is continuously differentiable on X, and concave on R’} (since f, GI

(j =1,...,r) are concave functions on R’ , and # € R’ ). Applying Lemma 1 to the function ¢ (given
), we have for all z € R},

¢($, 79) - QZ)('%’ ﬁ) < V(ﬁ(‘%: ﬁ)(x - j) = VQS(QA:?I))'I - VQZ)('%’ ﬁ)i‘ (7)

Since #; D;¢(, ) = &;[D; f(&) + 3754 2;D;GY(2)] =0 fori=1,...,n by (3)(ii), we obtain Ve(&, D) =
0. Since D;¢(2,0) = D;f(&) + 5, v;D;GI(#)] <0 for i = 1,..,n by (3)(i), and € R%, we have
Vo(z,v)x < 0. Using these observations in (7), we obtain:

F@)+ 0G0 (x) = ¢, 0) < ¢(&,0) = f(2) + D 5G9 (2) (8)
j=1 j=1

2



using the definition of ¢ in (6). Using (3)(iv) in (8), we obtain:
fx) + i 0;G(x) < f(&) 9)
j=1
Now consider any z € C. Then, G’ (x) > 0 for j = 1,...,7, and so:
S 5,6 (@) > 0 (10)
j=1

since 7 € R7,. Using (10) in (9), we get f(x) < f(&), which shows that & solves problem (4). // =

Remark 1:

The Kuhn-Tucker conditions appearing in (3) look somewhat different from the Kuhn-Tucker con-
ditions appearing in Section 10.3 of the Lecture Notes. Actually, they are equivalent, as discussed in
detail in Section 10.6 of the Lecture Notes. The difference is that in (3), we are only keeping track of
the Kuhn-Tucker multipliers associated with the constraints GJ(z) > 0 for all j = 1,...,r, but we are
not explicitly mentioning the multipliers associated with the constraints > 0. A conversion from the
form used in (3) to the form used in Section 10.3 can be accomplished as follows.

Define ¢/(z) = G’(z) for all z € X, and j = 1,...,r; further define ¢’(z) = z;_, for all z € X, and
for j = r+1,...,7 + n. Then, defining m = n + r, we have m constraint functions (which are defined
and continuously differentiable on the open set X in R™ ).

Given (3), define:

\j=pjforj=1,..r (11)
and: ;
Nj=—[Dj_rf(@)+ Y D GF@)] for j=r+1,.,r+n (12)
k=1
Then A € R by (3)(i), and:
Dif(2)+ > A\jDig’(#) = 0fori=1,..,n (13)
j=1

Further, since € R?} and (3)(iii) holds, we have:
@ @) >0forj=1,...,m (14)

Finally, by using (3)(ii) and (3)(iv), we have:

~

g (2) =0for j=1,...,m (15)

Thus, we have (&, \) € X x R, satisfying the Kuhn-Tucker conditions (13), (14), (15) as defined in
Section 10.3.

Remark 2:

The Kuhn-Tucker sufficiency theorem is most useful in optimization problems in which the solution to
the problem can be at the boundary or in the interior of R}, depending on the values of the parameters.
To handle both cases, one needs to be assured of being able to differentiate the objective and constraint
functions not just in the interior of R’}, but also at boundary points of R’}. This is the principal role
of the assumption of continuous differentiability of these functions on an open set X, which contains



R” . Concavity of these functions, however, is only needed on R} because that suffices to establish the
crucial inequality (7) above, by applying Lemma 1.

As an illustration, consider the problem of obtaining a demand function in the case of a quasi-linear
utility function. Let p1, ps and w be positive parameters. The relevant optimization problem is:

Max v(x1) + 22
subject to p1z1 + pexe <w p (P)
and (x1,22) >0

Because z € Ri is a constraint on the problem, the objective and constraint functions are naturally
going to be defined for all x in Ri (otherwise the problem would not be well-defined). Other properties
of these functions (if any) are also going to be specified on the domain Ri.

However, in order that one can take derivatives of these functions at the boundary of R2, we want
an open set X which contains Ri, such that the objective and constraint functions will be continu-
ously differentiable on X. This set X will obviously not be given, but is rather a set that you choose
appropriately to apply the Kuhn-Tucker sufficiency theorem.

Example 1:

Suppose, as a concrete example,

v(z1) = Aln(l + 1) for all x; >0 (16)

where A is a positive parameter. Then, we can define f : Ri — R by f(z1,22) = Aln(1 4+ z1) + x2
for all z € Ri, and G : Ri — R by G(x1,x2) = w — (p121 + pax2) for all x € ]Ri. This would convert
problem (P) to the form (4), with n = 2 and r = 1. It would be easy to check that f and G are concave
on Ri.

Now, one can choose, for instance, X = {x € R? : z; > —1 and x5 > —1}. This is an open set in
R?, containing R%, and the f and the G functions defined in the previous paragraph on Ri are in fact
well-defined on this larger set X. Further, as can be checked, on this larger set X, both f and G are
continuously differentiable. We are now all set to apply Theorem 1 to problem (P).

Example 2:

Consider an alternative example in which

v(zy) = Az)Y? for all 1 >0 (17)

where A is a positive parameter. Then, we can define f : R2 — R by f(z1,22) = A(z1)Y? + x4 for all
T € ]R%r, and G : Ri — R by G(z1,22) = w — (p1x1 + pawe) for all x € ]R%r. This would convert problem
(P) to the form (4), with n = 2 and r = 1. It would be easy to check that f and G are concave on R2.

But, now, you will not be able to define an open set X, containing R%r, on which f is continuously
differentiable. This is because the derivative of v goes to infinity as x; approaches 0 from the right.
This makes it inappropriate to try to apply Theorem 1 above to this optimization problem. Of course,
we have other methods at our disposal to solve this problem.

4 Weakening the Differentiability Conditions

Keeping Example 2 in mind, one might try to establish a version of the Kuhn-Tucker sufficiency theorem,
where the domain on which one requires continuous differentiability of the objective and constraint
functions is more restricted.

To this end, a variation of Lemma 1 can be stated and proved as follows. It replaces the continuous
differentiability of A on an open set containing R} with the assumption that h is continuously differ-
entiable in a neighborhood of the point 2’ in R", where the gradient is evaluated in the statement of
Lemma 1. Concavity of h on R’} is still enough to ensure the basic inequality obtained in Lemma 1.
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Lemma 2 Let o' € R} and assume there is 6 > 0 such that h is a function from R7 U B(a',6) to R,
which is continuously differentiable on B(x',6), the open ball in R™ with center x’' and radius 6. If h is
concave on R}, then for all x € R},

h(z) — h(z') < Vh(z')(z — 2) (18)

Proof. Define X = B(2/,6). We can find 0 < A < 1 such that T = A2/ + (1 — M)z is in X; clearly,
T also belongs to R’. Define Z(n) = = + (u/n),2'(n) = 2/ + (u/n), where v = (1,1,...,1) in R", and
n € N. We can find N € N, such that for all n > N, we have Z(n) and 2/(n) in X. Then, Z(n) and 2'(n)
belong to Rt , N X for all n > N, and h is concave on the open set R}, , so we can apply Theorem 27
of the Lecture Notes to get:

h(2(n)) — h(z'(n)) < Vh(z'(n))(Z(n) — '(n)) (19)

Now, we let n — oo. Then Z(n) — T, 2'(n) — a’; by continuity of h on X, h(Z(n)) — h(z) and h(z'(n)) —
h(z'); by continuity of D;h on X, we have D;h(z'(n)) — D;h(z’). Using these facts in (19) and noting
that weak inequalities are preserved in the limit, we get:

h(z) — h(z') < Vh(z')(Z — 2') (20)

Using the definition of z, and the concavity of h on R”}, we obtain (z — 2’) = (1 — A\)(z — 2’), while
h(Z) — h(z") > Ah(2') + (1 — Nh(x) — h(z') = (1 = N)(h(z) — h(2")). Substituting these expressions in
(20) implies:

(1= M) (h(x) = h(2)) < VR(2)(1 = N)(z — o)

which proves (18), since (1 —A) > 0. m
Using Lemma 2 in place of Lemma 1, and imitating the steps in the proof of Theorem 1, one can
state and prove the following Theorem.

Theorem 2 Suppose (z,0) € R x R, , and there is § > 0 such that f,G’ (j =1,...,m) are functions
from R U B(a',6) to R, which are continuously differentiable on B(Z,6), the open ball in R™ with
center & and radius 6. Suppose f,G? (j =1,...,m) are concave functions on R'}. If (Z,0) satisfies the
Kuhn-Tucker conditions:

(21)
w) 0;GI(E) =0 forj=1,..,r
then & solves the problem:
Mazx f(x)
subject to GI(z) >0 forj=1,..,r (22)
and z e RY
Proof. Define the constraint set, C, of problem (22) by:
C={zeR}:G/(z)>0 forj=1,..,r} (23)
Note that since & € R}, and (21)(iii) holds, we have & in the constraint set C.
Define X = B(z,6), and:
$(x,7) = f(z) + Y #;GI(x) forallz € X URY (24)
j=1
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Then, given o, we know that ¢ is continuously differentiable on X, and concave on R’} (since f, GJ
(j =1,...,r) are concave functions on R’ , and 7 € R’ ). Applying Lemma 2 to the function ¢ (given
), we have for all z € R},

¢(x,0) = ¢(&,0) < Vo(2,0)(x = &) = Vo(&, V) — Vo(T, 1)@ (25)

Since &;D;¢(2, V) = &[Di f(2)+3 -, ¥ DiG? (2)] =0 fori=1,...,n by (21)(ii), we obtain V(&, )& =
0. Since D;p(#,7) = [Dif(2) + >, V3D; G’(2)] <0 for i = 1,..,n by (21)(i), and = € R, we have
Vo(z,v)x < 0. Using these observations in (25), we obtain:

£ 009(@) = ol 0) < 0(00) = F(2) + 3 10 (@) (26)
i=1 =1
using the definition of ¢ in (24). Using (21)(iii) in (26), we obtain:
z) + i v;G () < f(2) (27)
=1
Now consider any x € C. Then, G’ (x) > 0 for j = 1,...,7, and so:

i ;G (z) >0 (28)

j=1

since 7 € RY,.. Using (28) in (27), we get f(x) < f(Z), which shows that & solves problem (22). // m
Remarks:
We return now to a discussion of Example 2 above. Here, it is easy to check that (z,7) given by:
A’ps A3 1

=202 G —w— = 29
4p? 4p P2 (29)

satisfies the Kuhn-Tucker conditions, when the parameters satisfy:
A%p3
4p1

<w (30)

Since 21 > 0 in (29), there is 6 > 0 such that f and G are continuously differentiable on B(Z,§), and
Theorem 2 is applicable. Thus, & given in (29) solves problem (P), given (17), when the condition on
the parameters satisfies the inequality in (30).

Similarly, it can be checked that(z, 7) given by:

wo A

T1=—, 20=0,0=—+% 31
satisfies the Kuhn-Tucker conditions, when the parameters satisfy:
2,2
A > w (32)
4p1

Again, since 1 > 0 in (31), there is § > 0 such that f and G are continuously differentiable on B(z, ),
and Theorem 2 is applicable. Thus, & given in (31) solves problem (P), given (17), when the condition
on the parameters satisfies the inequality in (32).
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