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Abstract

We suggest a test for discovering whether a potential expert is informed of the
distribution of a stochastic process. In a non-Bayesian non-parametric setting, the
expert is asked to make a prediction which is tested against a single realization of
the stochastic process. It is shown that by testing the expert with a “small” set
of sequences, the test will assure that any informed expert can pass the test with
probability one with respect to the actual distribution. Moreover, for the uninformed
non-expert it is very difficult to pass this test, in the sense that for any choice of a
“small” set of sequences, only a “small” set of measures will assign positive probability
to the given set. This technical result may in fact be of independent interest. Hence
“most” measures that a non-expert may predict will lead the non-expert to fail the
test. We define small as category 1 sets, described in more detail in the paper. JEL
Classification: K9

1 Introduction

We consider the problem of testing an expert in an uncertain environment. A decision maker

named Alice is trying to decide whether Bob, who is potentially an expert, is informed about
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the distribution governing a stochastic process. For example, Alice may want to know if
Bob is a qualified economist, where an expert economist would know the distribution of a
stochastic process governing key economic indicators. Alice herself is not an expert and we
assume that she is completely uninformed and non-Bayesian, in the sense that she does not
have a prior distribution over the possible distributions that govern the stochastic process,
nor does she have a prior over the probability that Bob is an expert. The question is to
what extent, in this non-Bayesian and non-parametric setting, Alice can “test” whether Bob
is an expert.

Our motivation is twofold. This issue has been discussed extensively in the “calibration”
literature, where it has been argued that Alice cannot successfully test Bob. We discuss the
connection to this literature in more detail below. In brief, since we obtain a quite different
conclusion than previous work, one motivation for our work is to comment on this literature.
The second motivation is because we think the question is of interest. Economists typically
adopt a Bayesian and game theoretic perspective where Alice and Bob have beliefs over
the world, and Alice constructs incentives to get Bob to tell the truth. We think it is
of interest to explore the abstract question regarding to what extent one can evaluate a
stochastic theory. Obviously deterministic theories can be tested easily—either what they
predict comes to pass or does not. If the “truth” is stochastic, how close can one get to
testing a prediction? The most obvious scenario where this question arrises is the testing of
non-deterministic scientific theories where an outsider who has no ability to create incentives
for the scientist wonders whether the theory can be tested (at least, so to speak, in theory).

The tests we permit are comprised of a question, an answer and a grade. The grade
depends on the answer and the information available to the grader. In our case, a question
asks Bob for a prediction and the grade that Alice assigns has to be based on the prediction
and the realization of the stochastic process. The grade is either pass or fail. Our main result
states that there is a “good” test such that if Bob is an expert and knows the distribution
governing the process, then Bob passes the test with probability one, and, if Bob has no
information about the distribution, then it is “practically” impossible for him to pass the
test.

We say a test is good if it satisfies the following two properties

1. A good test must yield a passing grade with probability one whenever Bob is an expert

who makes the prediction based on the distribution governing the realization.

2. Bob must fail a good test when he is uninformed. Hence Bob should be asked for a
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prediction that would be “practically” impossible to make when he is uninformed.

Property 1 asks that the realization fall into the prediction that Bob makes with proba-
bility one (according to the actual distribution used, assuming it is known to Bob). Hence
we wish to avoid a type I error of rejecting the hypothesis that Bob is an expert when he
actually is. Property 2 requires that the realization does not fit the prediction if Bob does
not know the distribution that is actually used. Hence we wish to avoid type II errors of
accepting the hypothesis that Bob is an expert when he is not. We cannot satisfy property
2 for all guesses that an uninformed Bob might make—obviously when Bob is lucky enough
to guess the true distribution he should not be failed—instead we ask that this hold for a
large set of such guesses.

The existing literature provides a collection of troubling negative results for this frame-
work. The notion of calibration was suggested by Dawid (1982) for a non-Bayesian non-
parametric setting and extensively studied in Dawid (1985). The idea of being calibrated
is that by looking at all the times when Bob predicted that something will happen with
probability p, then over time the proportion of times where that something happens should
be (close to) p. Based on this notion, Foster and Vohra (1998) were first to show that a test
requiring Bob to be calibrated with respect to sequential forecasts, is not a good test. While,
as Dawid showed, if Bob is an expert he will pass the test satisfying property 1 above, Foster
and Vohra demonstrated that an uninformed expert has a randomized strategy that will
assure calibrated forecasts with probability one (with respect to the randomized strategy)
no matter what the realization of the process. Hence a test that is based on probabilistic
predictions as the realization unveils measured against the empirical distribution conditional
on the predictions, fails property 2 and does not distinguish an expert from a fraud. This re-
sult has been extensively generalized for elaborate calibration tests that are allowed. These
include extensions to tests that add dependencies on histories or conditioning on future prop-
erties of the realizations as well as randomized tests. Kalai, Lehrer and Smorodinsky (1999),
Fudenberg and Levine (1999), Lehrer (2001) and Sandroni, Smorodinsky and Vohra (2003)
have shown that non-experts can satisfy many versions of calibration tests. Recently it was
shown by Sandroni (2003) that every test based on sequential probabilistic predictions of
next period outcomes is doomed to fail property 2 if it satisfies property 1. These results

amount to finding a very large class of tests that are not good.!

IThe calibration strategies used by a non-expert in these settings have been extensively used in the game
theoretical learning literature; cf. Foster and Vohra (1997) and Fudenberg and Levine (1995). A very general



The existing literature is initially unsettling since asking for calibrated forecasts, or more
general sequential predictions, appeals to common practices of statistical inference for sto-
chastic processes. Calibration tests compare the empirical distribution of a realization with
the predictions made by Bob. These tests ask for a prediction of a sequential law or phenom-
ena in a realization of the process. This is a natural approach when considering commonly
applied stochastic processes, such as i.i.d. or Markov chains. But it turns out not to be
well suited for the situation we face here. The initial assumption is that all distributions
are possible, as far as Alice is concerned. How can Alice come up with a sequential test that
will test every possible phenomena along a single realization? Indeed, the existing literature
states that this is impossible.

We suggest an alternative approach to testing an expert. Our test has Alice asking Bob
for a set of realizations, i.e. Bob is asked to predict an event to which an expert assigns
probability one. Alice then considers whether the single realization belongs to the set offered
by Bob. She also considers whether the set that Bob is predicting is “small” — whether it
would seem impossible for a non-expert to predict this event. If the event is small and
the realization agrees with this event then Alice can conclude that Bob is an expert. The
crucial feature is that Bob’s prediction has to be narrow enough to convince Alice that he is
not just guessing, and broad enough to be consistent with his actual view if he is an expert.
This stands in contrast with sequential (calibrated) forecasts that give no indication of Bob’s
expertise.

The idea behind our test is that any unique property of a distribution that demonstrates
knowledge of the distribution is known only to whoever knows the distribution. Alice has
no way of coming up with such a property without being informed. This is why she needs
to ask Bob what the right question is—what unique event corresponds to the distribution
known only to an expert. Equivalently, Alice could ask Bob to tell her the distribution and
then Alice would construct the test based on that distribution, and our main result states
that such a test exists.

The motivation for our construction comes from the Bayesian setting. Let T" denote the
event “Bob passes the test” and F denote the event “Bob is an expert”. We are looking for

a test that will, conceptually, lead to P(E|T) = 1. While we are in a non-Bayesian setting

class of adaptive procedures and the solutions they generate is studied by Hart and Mas-Colell (2000, 2001)
and recently Sandroni and Smorodinsky (2004) defined a solution generated by calibration tests.



we can mimic Bayes’ formula:

P(TNE)
P(TNE)+ P(TN-E)

P(E|T) =

and interpret P(T'N—E) = 0 as the “sum” over p € A () of Pr(u)P,(T) =0, i.e. the sum
over all possible measures of the prior probability of each measure times the probability of
passing the test according to the measure. However, since we do not have a prior over A(€)
we ask that for “most” distributions pu, the probability of passing a given test when p is the
actual distribution equals zero, i.e. we require P,(7") = 0 for all but a small set of measures
in A(Q2). Of course this is only an analogy since we are in a non-Bayesian setting.

We need to define the notion of a “small,” or unique, event that corresponds to any
distribution known by an expert and formalize what we mean by an uninformed Bob being
able to pass the test for only a “small” set of measures. Before we do so, consider the
following simple example: Assume that the distribution used assigns probability one to a
single realization—a single sequence of values. Suppose that Alice asks Bob for an event
and Bob predicts an event consisting of this single sequence. Alice will then observe the
realization and see that it matches the exact prediction that Bob made. Given knowledge
of the actual distribution Bob had probability one of a realization matching his prediction.
If he passes this test then Alice is faced with a successful prediction that singles out one
outcome out of a continuum of possible sequences. It definitely seems impossible to make
such a prediction and pass the test if you know nothing about the distribution. In fact,
the “likelihood” equals one out of a continuum—which should be considered small by any
method of measuring the likelihood.

For property 1 to hold, the test has to be passed with high probability when Bob is
informed. Hence, in general, we need the test to allow for events that have cardinality of
the continuum. We conclude that we cannot define small events as being of small cardinality.
On the other hand, we cannot use the notion of the support of a measure (the smallest closed
set that has probability one) since a test based on the support can easily fail property 2. For

example, the support of any non-degenerate i.i.d. process is the whole space of sequences.?

2Consider any i.i.d. distribution p over Q@ = {0,1}> where at every stage the probability « of the

outcome 1 satisfies 0 < a < 1. Assume by contradiction that @ = (@1, &2, 3, ...) € Q\ Supp p # 0. Since

Q\ Supp p is an open set there exists a finite n such that T = {w = (w1,w2,ws,...) € Qw,; = @; for
n

i=1,2,..,n} CQ\ Supp p. But since p is an i.i.d. process we have u(T) = H (@¢(1—@)'7) >0-a
i=1



However, much like our Dirac measure example, these i.i.d. distributions do have unique
properties that are assigned probability one. Assume the process is generated by an i.i.d.
process where the probability of the outcome 1 equals a at each period, the event “The limit
of averages of the realized sequence converges to a” occurs with probability 1 according to
the strong law of large numbers. This event seems quite small as “many” distributions one
can think of will assign this event zero probability.

Our objective is to generalize and formalize these examples. We need to find a notion of
a small event such that every distribution will have a small event that occurs with probability
1. We also need to demonstrate that the notion of smallness we suggest distinguishes the
expert from the uninformed. We use the notion of category to capture this property of
smallness. A category 1 set is a set which is topologically small, it is defined as a countable
union of nowhere dense sets, i.e. sets whose closure has an empty interior. Fortunately, for
every probability measure there exists a category 1 set that has probability one with respect
to the given distribution. For example, the set of sequences with a limit converging to a is
a category 1 set.

We now attempt to justify why a prediction of a category 1 set is indeed indication of
expertise. Why do we claim it is “impossible” for a non-expert to make such a prediction
and pass the test? Our answer lies in the space of all possible probability measures. We
show that for any category 1 set of sequences, the set of probability measures that assign
positive probability to the set of sequences is itself very small. In other words, a given
category 1 set of sequences suggested by an uninformed Bob will cause Bob to fail the test
with probability one, with respect to any distribution other than a small set of distributions.
Once again we need a notion of smallness, but now for a set of distributions. We show that
for any given category 1 set of sequences, the set of probability measures that assign positive
probability to the category 1 set, is itself a category 1 set in the space of measures endowed
with the weak* topology. For example, the set of measures that assign positive probability
to the event “The limit of averages of a sequence converges to 2/3” is a category 1 set of
measures. In other words, if an uninformed Bob offers this event, or any other category 1
event, as a prediction, he is likely (in the category sense) to fail.

We conclude that with the notion of category 1 for smallness, we can, using only Bob’s
prediction and a single realization of the process, determine whether Bob is an expert.

Alice should ask Bob to predict a category 1 event, if he does so and the realization is in the

contradiction.



predicted set, then she can regard him as an expert, since suggesting a category 1 set as a
prediction without being informed seems practically impossible.

In the following section we prove that for any distribution (over a Polish space) there
exists a category 1 set S to which that distribution assigns probability 1 and all but a
category 1 set of other Borel probability measures assign to S probability zero. Thus we
prove the existence of a good test for any prediction over a sufficiently rich set. In the
following section we discuss in more detail the connection to the calibration literature, we
(briefly) comment further on why one may view category 1 sets as “small,” we discuss the
possibility of obtaining “finite approximations” of our result, and we observe that our result

actually has implications in non-sequential settings as well.

2 A “Good” (non-Bayesian, non-Parametric) Test of a

Stochastic Theory

Let 2 = {0,1}* be the set of all countable sequences of 0’s and 1’s. Each point w € Q
is called a realization. We consider the set of possible Borel probability measures over €2
denoted by A(€). For any topological space, denote by S and int(S) the closure and the
interior of a set S, respectively. A set is called nowhere dense when the interior of its closure
is empty, i.e. nt (5 ) = (. A first category set is a countable union of sets that are nowhere
dense. A set is called a second category set if it is not a first category set.

We first note the following:

Proposition 1 For every probability measure p € A(S2) there exists a set S, C 2 such that
wu(S,) =1 and S, is a first category set.

Proof. From Theorem 16.5 in Oxtoby (1980) we have that for every non-atomic finite
measure ;. one can divide €2 into a set of category 1 and a p-measure zero Gy set, i.e. a
countable intersection of py-measure zero open sets. This follows from {2 being a metric
space with a countable base. If p has atoms then we can add the (at most) countable set
of atoms to the first category set to obtain a first category set with u-measure one. m

For a constructive example of such a category 1 set, consider the i.i.d. process in
) = {0,1}* as described in the introduction where the probability of 1 at each period is



given by 0 < o < 1. Consider the set

1
S = {w:(wl,wg,...)EQ | lim Zﬁwi:a}' (1)
i=1

Claim 2 S is a category 1 set that occurs with probability 1.

Proof. From the strong law of large numbers for Bernoulli trials we have that the

probability of the event S according to the i.i.d. process equals 1. We define for every

<g}.
m

Z %wi —«a| > e. Consider the set
i=1
G, = {w € Qw; = w; 1 = 1,..m}, G, is an open set in the product topology and for

m

all o € G, we have Z %@i —a| > ¢, hence G, C )\ F,. Since we have found such
i=1
an open set for every w ¢ F., we conclude that F., is a closed set. Assume ¢ < a/2.

e > 0 and every n the following set:

m

Z%wi—a

i=1

Fm:{weQHorallmZn,

If w ¢ F., then there exists an m > n such that

For every w = (w1,ws,...) € F., consider the sequence of points {w’“ }20:1 such that w* =
(w1 ey W, 0,0,...). We have that for all k that w* ¢ F.,, but w* — w, hence F.,, is nowhere

[o¢]

dense. Since S C U F.,, for every € > 0 we have shown that S is included in a countable
n=1

union of closed nowhere dense sets and is therefore a category 1 set. m

To determine just how difficult the test is, i.e. whether it is a good test or not, we
ask whether the set of possible distributions under which an uninformed Bob could pass the
test with positive probability is small. So we now need a notion of smallness for a set of
measures. As mentioned, we again use the notion of first category, this time with respect
to the space of probability measures over 2. We consider the weak* topology on the space
of measures A(Q).?

Our main result, which may be of independent interest, states that the set of measures

that assign positive probability to a category 1 subset of €2 is itself a small set of measures.

3The weak* topology is the weakest topology possible that assures the continuity of measures as operators,
i.e. when integrating over continuous functions of {2 there is convergence of the value of the integration for
converging continuous functions.



When the expert offers a category 1 set as his prediction we know that only under a small —
category 1 — set of possible distributions will he have any positive probability of passing the
test.

Theorem 3 For every first category set S C ) the set of measure Mg = {u € A(Q)|u(S) >
0} is a category 1 set in the weak* topology.

Proof. Let S be a first category set in (. We can write S = U S; where int(S;) = 0. Let

=1
n

St = U S;. Hence {S"}>° | is an increasing sequence of closed sets with empty interior and
i=1

S C U S™. It suffices to show that the set of measures which assign positive probability to

n=1

U S™is a set of category 1 in the weak* topology over A(§2). We define the sets Mg C A(Q)

n=1

by

Mg ={p € AQ)|p(S") = =} (2)

S|

If 4 € Mg then p(S) > 0 which implies that there exists ¢ > 0 such that u(U Sm) >

n=1

1(S) > € and hence there is an m such that p(S™) = ,u(U S™) > ¢/2.  Choosing k >
n=1

Max{m, 2} we have that 1 € M§. We conclude that Mg C U Mg. Hence it suffices to
n=1
show that each set Mg is a category 1 set for their countable union to be a category 1 set.

We will actually show that M2 is a closed nowhere dense set.*

Consider Mg for a given n. Let p; € Mg ¢ = 1,2,... be a sequence of probability
measures converging to a probability measure p € A(2) in the weak* topology. Since S™ is
a closed set we have

limsup 44;(S™) < p(S™) (3)

and in fact convergence is equivalent to (3) holding for all closed sets. In particular we

find that o € Mg. We conclude that Mg is closed in the weak® topology. Finally we need

4The main property we exploit is that for any strictly positive ¢ the probability measures that assign at
least e probability to a closed subset of S is nowhere dense. Note that for any non-empty set T (not only
category 1 sets) the sets of measures that assign positive probability to T is dense in A(f2).
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to show that int(MZ) = 0. Let u € Mg we will show that for every open set G that contains
i, we can find a measure v € G\ Mg. From the definition of the weak* topology, for every
open set GG there exists a continuous function f : 2 — R and an € > 0 such that the open

set

Guy(i) = Dh € AQ /f A t/f Jp(w)| < <} (4)

satisfies u € Ge (1) C G. If f is constant then G, f(u) = A(f2) and any Dirac measure 9,
on a point w € O\ 5" will satisty 6, € G\ Mg. If f is not constant then there exist points

w; and wy, such that f(w;) < /f(w)du(w) < f(wn) and f(w;) < f(wp) we define

Q
f(wn) /f )dp(w

‘- flwn) = fw) ©)

Since f is continuous and since S™ is nowhere dense there exist points w; and ws such
that wq,ws ¢ S™ and

Maz{|f(wr) = fw)l, [ f(wa) = flwn)]} <e (6)

Consider the measure v = ad,, + (1 — a)d,,, i.e. the convex combination of the Dirac
measures at wy and wy. By the choice of these points we have that v(S™) = 0 and therefore

v ¢ M¢. From the definition of v we have
/f Ydv(w /f Ydp(w)| = |af(wr) + (1 — a) f(ws) /f Ydp(w (7)
which from (6) implies

/f Y (w /f Ju(w)| < |af () + (1= a) flen) — /&wwmm-uw+u—ak

Q
(8)
and together with the definition (5) we have
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/f ) /f e /f e /f Jip(w)| +e == (9)

and we have shown that v € G s(p) \ Mg C G'\ Mg and the proof is complete. =

3 Discussion and extensions

While we have focused on the case where the space of realizations is the space of sequences,
we have done so mainly because the existing literature has focused on calibration with respect
to a sequence. A closer look at our proofs shows that the result holds for any Polish space
). The proof of the proposition requires that the topology on €2 have a countable infinite
basis, and the proof of the theorem requires completeness and separability for the weak*
topology to be represented by (3). For example, if one has the unit interval as the space of
realizations, and Bob could be informed of the distribution over the interval that is used to
generate one point from the interval, Alice can use the same method to determine whether
Bob is an expert or not by asking him for a category 1 set as a prediction, or asking for the
distribution and testing using the appropriate category 1 set.’

It is natural to ask to what extent the result holds for finite approximations. Clearly,
if 2 is finite the result fails.® More generally, as will be clear from the following discussion
one cannot bound the size of the set used to test Bob. However, the sequential environment
provides a natural approximation question to which the answer is positive. Specifically,
the proposition below states that an expert can be tested using a set which occurs with
probability close to 1 and then Alice would be able to fail a non-expert Bob in finite time.

However, Alice cannot determine for sure that Bob is an expert in finite time. For
example, if Bob suggests the set of all sequences in {0,1}* that from some point onward
have only 0’s, then such a countable (and hence category 1) set can never be excluded in
finite time. As the result clarifies, the exact time by which Alice can be almost certain
whether or not Bob is an expert, may not be known in advance to Alice. It depends on the

actual distribution of the sequence in the case that Bob is not an expert.

PFor instance, to test the uniform distribution on [0, 1] one can test if the realization has (in the limit)
half of its digits 1 and half zero.

6For instance, if it has n elements and Bob claims the distribution is uniform then should one fail Bob
on m outcomes then the chance of rejecting a true expert in that case is m/n and the chance of accepting a
false expert is 1 —m/n.
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However, Alice can ask Bob to provide a set of sequences that he is confident will occur
with high probability and such that in (unbounded) finite time Bob’s expertise will be
revealed. Equivalently, Alice can find such a sequence based on any distribution that Bob

provides as a stochastic prediction.

Proposition 4 For every distribution i € A(2) and every e > 0 there is a closed set with
empty interior S C § such that u(S) > 1 —e. For every closed set with empty interior
S C Q we have for most distributions \ (other than a category 1 set) that there is a finite N
such that with A—probability 1 — ¢ the realization will be outside S within N periods.

Proof. Given i we know that there is a first category set that is assigned p—probability
one. Hence there is a finite union of closed sets with empty interior that are assigned
probability 1 — . Denote the finite union by S. Consider any measure A\ such that
A(S) = 0, we know that all but a category 1 collection of measures have this property from
our main theorem.

For every w € Q\ S there exists an open neighborhood that does not intersect S since S

is a closed set. In particular, for all w € 2\ S there exists an N(w) such that

{@|w; =w; fori=1,...,N(w)} C 2\ S.

Denote Ty = {w € Q\ S|N(w) < N}. We have that U Ty =Q\S. Since A(2\5) =1
N=1
there exists an N such that A\(T) > 1 —e. We conclude that if Bob reports S as a closed

set with empty interior prediction that is based on the actual distribution w, he will never
fail the test with probability of at least 1 — ¢, but for any prediction of a closed nowhere
dense set S, and for most distributions, there is a finite time such that Bob will fail the test
within that time with probability of at least 1 —¢. m

At first site there seem to be many differences between our tests and those used in the
calibration literature. In the latter Bob is asked in each period to provide a stochastic pre-
diction for the next period outcome and is tested according to that collection of predictions.
However, one can consider the following reinterpretation of the results in the literature. Bob
can be asked initially at time zero to provide for each period ¢ the stochastic prediction for the
following period conditional on every possible history. This is equivalent to asking Bob for
the distribution, which as noted above is equivalent to what we do. Allowing Bob to make

the predictions sequentially might be intuitive and correspond to some bounded rationality
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or difficulty in communication or even that Bob is using additional realizations to determine
his predictions. But nothing in the calibration literature is based on such features, and in
principle the results would apply if Bob were asked to make all his predictions as contingent
predictions at date zero.

In the calibration literature Bob is then tested according to his predictions on the realized
path. Obviously this is equivalent to saying that for some realizations Bob passes the test
and for others Bob does not. So one can think of the calibration literature as asking Bob
for a distribution u, and having a rule determining a set of realizations for each possible
distribution, say SE, under which Bob passes the test. This is equivalent to what we do:
the rule is that if Bob predicts i he is tested according to S,. The difference then lies in
the way the test is constructed. Calibration tests S/f are quite natural but are too large
to be “good”. More precisely, the results in this literature state that for the calibration
rules considered there is a measure p such that Sg = (2, hence a non-expert suggesting this
measure cannot fail.

The “strength” of our test is clearly limited. That is, the category 1 set of distributions
that cannot be ruled out may still be big. For instance, if Bob only knows that the dis-
tribution on [0, 1] has positive density, then he can claim to “know” that the distribution
is uniform and not be failed. This is because the set of measures with positive density is
a small set. So the test does evaluate Bob’s prediction, but not very precisely. That is,
the mapping from distributions over the set of realizations to category 1 subsets of the set
of realizations is sufficiently fine for property 2, but it is still coarse in its representation of
measures. Bob can choose among many possible category 1 sets, with some strictly more
informative than others (by way of inclusion). For example, when the expert knows exactly
the sequence that will occur, if the limit of averages converges to a, then Bob could predict
the sequence itself, or the set of sequences with an average converging to a, or in fact he
can predict the union of any category 1 set with this sequence. Indeed, our framework also
does not measure any possible “partial” information that an expert could have by ranking
his prediction. Of course, implicitly there is a weak ranking of this form: as in the example
above smaller (in terms of set inclusion) category one sets are “better” predictions. More
generally, it might be of interest to see if this can be extended to a method of ranking the
quality of the prediction. An alternative extension would be to the case where the expert
has some information that is not in the form of a distribution. For instance, the expert could

know the sequence is determined according to a parametric family of distributions without
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having a prior belief over this family, from which the distribution is chosen.

Finally, we discuss the extent to which the notion of category 1 for smallness is appropri-
ate. This interpretation is supported by the duality between null-sets and category 1 sets.
In Sierpinski (1934) it is shown that under the continuum hypothesis there is a one to one
mapping of the interval onto itself such that f(FE) is a Lesbeque measure 0 set if and only if

E is a first category set.” This establishes the following result:

Theorem 5 (Theorem 19.4 from Oxtoby (1980)) Consider any proposition involving
notions of measure zero, category 1, and notions of pure set theory. Under the contin-
uum hypothesis, the proposition holds if and only if the proposition obtained by interchanging

the terms “measure zero” and “category 1”7 holds.

This duality principle suggests that if we cannot use the notion of “measure zero” by using
the concept of “category 17 we preserve the same set theoretic deductions. In testing
an expert we cannot use the notion of measure zero, precisely because we do not know
what the measure is. A prediction needs to be evaluated as “small” independently of any
predetermined measure. For the space of measures we can consider various notions for
size other than category 1. For instance, one could think that dense sets are large. As
pointed out in footnote 4 our category 1 set is dense. In fact, for any fixed w € €) the set of
probability measures assigning positive probability to w is dense. Thus saying that a set is
large if it is dense seems unreasonable in this context. In economics often open and dense
sets are considered large, to exclude for instance the set of rationals from being considered
large in the unit interval. On the other hand, a set that in nowhere dense is topologically
“small”. Our category 1 set of measures is an ¥y union of nowhere dense sets small sets of
probability measures over a space € that has the cardinality 2%0.® Thus, while we cannot
claim that category 1 is an unequivocally correct notion of smallness for our purpose, it does

provide a “good” (albeit far from ideal) non-Bayesian test for stochastic predictions.

"Erdos (1943) generalized this result showing that there is such a mapping f that also satisfies f = f~1.
8We are grateful to a referee for these comments on the relation between our category 1 sets and dense
sets.
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