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This paper analyzes a sequential game of coalition formation when the division of
the coalitional surplus is fixed and the payoffs are defined relative to the whole coalition
structure. Gains from cooperation are represented by a valuation which maps coalition
structures into payoff vectors. | show that any core stable coalition structure can be attained
as a stationary perfect equilibrium of the game. If stationary perfect equilibria may fail to
exist in general games, a simple condition is provided under which they exist in symmetric
games. Furthermore, symmetric stationary perfect equilibria of symmetric games generate ¢
coalition structure which is generically unique up to a permutation of the players. A general
method for the characterization of equilibria in symmetric games is proposed and applied to
the formation of cartels in oligopolies and coalitions in symmetric majority gadoesnal
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1. INTRODUCTION

Since the publication ofheory of Games and Economic Behayibe study
of endogenous formation of coalitions has been one of the most intriguing
challenging problems open to game theorists. Many solution concepts su
Von Neumann and Morgenstern’s stable sets (Von Neumann and Morgens
1944) and Aumann and Maschler’s bargaining set (Aumann and Maschler, 1

* This paper is based on the second chapter of my Ph.D. dissertation at the University of Pennsyl
| am grateful to my advisor, Beth Allen, for her help and encouragement. Discussions with El
Bennett, Ken Binmore, Roger Lagunoff, George Mailath, Andrew Postlewaite, Ariel Rubinstein
Sang-Seung Yi were extremely valuable. | am particularly indebted to Debraj Ray and Rajiv Vohr
pointing out an error in an earlier version of this paper. | am also grateful to participants at sem
at Boston University, Brown, Columbia, Stony Brook and the European Meeting of the Econom
Society in Brussels for their comments. Detailed comments by an associate editor greatly imp
the quality of the paper. This work was partly supported by a Sloan Foundation Doctoral Dissert
Fellowship.

90

0899-8256/96 $18.00
Copyright © 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.



SEQUENTIAL FORMATION OF COALITIONS 91

were in fact primarily designed as ways to solve the problem of joint detern
tion of a coalition structure and the allocation of the coalitional surplus an
coalition members. While these approaches proved fruitful in the study of r
situations of cooperation, they mostly rely on the assumption that gains
cooperation can be defined independently of the coalitions formed by ex
players! Using the terminology introduced by Shubik (1982), cooperative g
theory has focused on games with orthogonal coalitions which are well-s
to situations of pure competition but fail to capture the effects of external
among coalitions. The objective of this paper is to propose a model of fo
tion of coalitions in nonorthogonal games where payoffs depend on the v
coalition structure.

The presence of externalities among coalitions introduces a new difficu
the study of endogenous coalition formation. When players decide to fo
coalition, they must take into account the reaction of external players to th
mation of the coalition. The sequential model analyzed in this paper addr
this problem by explictly describing a procedure in which individual play
when deciding to form a coalition, consider the consequences of their a
on the behavior of the other players. However, to keep the analysis tractab
concentrate on the role played by externalities on the formation of the coa
structure, | do not model the allocation of the coalitional surplus among n
bers of a coalition, and assume instead that the coalitional worth is distril
according to a fixed sharing rule. Gains from cooperation are then repres
by a valuation which maps coalition structures into vectors of individual pay

Arguably, the assumption that payoffs are determined by a fixed rule is
restrictive and may seem a high price to pay for allowing externalities an
coalitions. But valuations arise naturally in two distinct categories of econ
models and the study of coalition formation in games represented by a valt
may appear fruitful in the resolution of these models.

First, valuations are considered in the models of coalition formation stt
by Myerson (1978), Shenoy (1979), Hart and Kurz (1983) and Aumann
Myerson (1988). In these models, the formation of coalitions is viewed
two-stage process where players form coalition in the first stage and d
on the allocation of the coalitional surplus, given a fixed coalition struct
in the second stage. Hence, at the time coalitions are formed, players ev
the payoffs they receive in each coalition structure according to a fixed
The exact characterization of the rule employed in the second stage depe
the situations considered in the different models. In Myerson (1978)’s th
and settlement game, the fair settlement function assigns to each coll
of coalitions (not necessarily a coalition structure) a unique vector of pay
Shenoy (1979) uses as an evaluation rule Aumann aedelf1974)’s extensiol

1 Two important exceptions are Thrall and Lucas (1963)’s study of games in partition function
and Aumann and @Ze (1974)’s analysis of games with fixed coalition structures.
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of the Shapley Value to games with fixed coalition structures. In Hart and K
(1983)'s analysis, players evaluate coalition structures according to a diffe
extension of the Shapley Value first analyzed by Owen (1977). In Aumann
Myerson (1988)’s study of formation of links among players, the valuation u
is Myerson (1977)'s extension of the Shapley Value to games with coopere
graphs of players.

Second, valuations emerge in various applications of Game Theory tc
dustrial Organization and Public Economics involving competing coalitions
economic agents. The study of the formation of cartels in oligopolies leads
natural definition of a valuation representing, for each cartel structure, the pa
obtained by the firms belonging to the different carfe®milarly, the formation
of associations of firms which agree to share some common resource but b
as competitors on the market can be analyzed with the use of a valtiatian.
analysis of the provision of local public goods in a spatial setting where mem|
of a community can benefit from the public goods provided in neighboring cc
munities also requires the use of a valuafioks a final example, the formation
of customs unions allowing national firms to compete in a market character
by the existence of different customs unions also leads to the definition
valuation.

Cooperative solution concepts for games represented by a valuation
introduced by Shenoy (1979) and Hart and Kurz (1983) in their models of
dogenous coalition formatidhTo predict which coalitions will be formed, they
propose different definitions of stability of coalition structuf€ghe variety of
stability concepts accounts for the fact that, in games described by a value
the payoffs obtained by members of a blocking coalition depend on the r
tion of the external players. The solution concepts range from the core stal
concept, which supposes a very optimistic conjecture about the reaction ©
external players since players deviate if there exists a coalition structure in w
they are better off to the stability concept which is based on pessimistic co
jectures since a coalition only deviates when it is guaranteed to obtain a hi

2 In Myerson (1978) and Hart and Kurz (1983), the emphasis is put on the axiomatic derivatior
reasonable valuation rather than on the first stage game of coalition formation. This paper, by co
focuses on the game of coalition formation.

3 Salantet al. (1983) were the first to point out in a simple model the problems of cartel formatio
oligopolies. Yi and Shin (1995) contains a very complete description of the derivation of the valuz
in the cartel problem.

4 The study of associations of firms, which can be interpreted as Research Joint Ventures ol
dardization committees, is taken up in a distinct paper (Bloch, 1995).

5 Guesnerie and Oddou (1981) analyze the provision of local public goods in amodel with orthoc
coalitions but discuss the role of externalities among communities.

6 Hart and Kurz (1983) analyze strong equilibria of a noncooperative game where players sin
neously announce coalitions.

7 Other concepts of stability of coalition structures are surveyed in Greenberg (1995).
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payoff independently of the reaction of the other players. The study of s
coalition structures raises three important difficulties. First, the definitior
stability rely on ad hoc assumptions on the behavior of the other players ¢
coalition has deviated. Second, all definitions of stability assume that ext
players react to the formation of a coalition in a myopic way. Hence, wh
coalition forms, its members do not take into account the final result of
decisions but only the immediate reaction of the other players. Finally, eve
less restrictive definition of stabilitg(stability) may not be useful, sincestable
coalition structures fail to exist in situations which are not easily character
(Hart and Kurz (1984) give an example of a game without stable structure v
is otherwise well-behaved.)

By contrast, in this paper, | explicitly model the formation of coalitions ¢
noncooperative sequential process in the spirit of Rubinstein (1982)’s alterr
offers bargaining game and its extensionstplayers by Selten (1981) ar
Chatterjeeet al. (1993). Players are ranked according to an exogenous ru
order. The first player starts the game by proposing the formation of a coal
If all prospective members accept the proposal, the coalition is formed. |
player rejects the proposal, she becomes the initiator in the next round
important feature of the game is that, once a coalition is formed, the gal
only played among the remaining players and that established coalition:s
not seek to attract new members nor break apart. Hence, by agreeing to
in a coalition, players commit to stay in that coalition.

| restrict my attention to stationary strategies and establish the following |
erties of stationary perfect equilibria. | first show that, if the game always ac
a subgame perfect equilibrium, stationary perfect equilibria may fail to exi:
sufficient condition for the game to admit a stationary perfect equilibrium is
the valuation and all its restrictions to smaller sets of players admit core ¢
structures. Furthermore, any core stable coalition structure can be reach
stationary perfect equilibrium of the extensive form game of coalition forma
provided that the set of stationary perfect equilibria is nonempty. | then <
the restricted class of symmetric games where all players are ex ante ide
In this class of games, using a result due to Ray and Vohra (1995), | pro\
simple condition under which symmetric stationary perfect equilibria exist,
| show that the coalition structures they generate are generically unique
a permutation of the players. Furthermore, | provide a general method fc
characterization of the coalition structures generated by symmetric stati
perfect equilibria in symmetric games. This method is used to derive eq
rium coalition structures in two situations: the formation of cartels ina symm
oligopoly and the symmetric majority games discussed by Hart and Kurz (1

The game analyzed here is similar to games of coalition formation propos
Selten (1981), Chatterjest al. (1993), Moldovanu (1992) and Winter (1993)
the context of games in coalitional form. The games they analyze have the
sequence of moves as the one described above. The crucial difference b
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their games and mine stems from differences in the action spaces. By fixin
division of the payoffs, | restrict the actions of the agents to announcemen
coalitions whereas they study a more general framework where players annc
both a coalition and the division of the coalitional worth. A further differen
is due to the underlying specification of gains from cooperation since the
not allow for externalities among coalitions. Given these differences, the re:
they obtain are not directly comparable to mine.

Different extensive form procedures of coalition formation in games ref
sented by a valuation were proposed by Aumann and Myerson (1988) and
and Yi (1995). The procedure in Aumann and Myerson (1988) is defined
games where players evaluate cooperation graphs rather than coalition
tures. The particular feature of cooperation graphs where coalition mem
need not unanimously agree to admit new members leads them to define a
where links can be formed at any stage. This approach cannot easily be af
to situations where gains from cooperation accrue when coalitions are fort
rather than bilateral links among players. Yi and Shin (1995) analyze ga
based on a “matching procedure.” Players announce coalitions and coali
are formed whenever all its members have made identical announcemen
general, the equilibria they obtain are very different from the equilibria of 1
infinite horizon game analyzed in this paper.

The paper is organized as follows. The game of sequential formation of ¢
tions is introduced and the equilibrium concept defined in Section 2. In Sectic
| analyze the relations between stationary perfect equilibria and stability «
cepts for coalition structures in games described by a valuation. Section
devoted to the analysis of symmetric games. | present applications of the
to the formation of cartels in oligopolies and of coalitions in symmetric maj
ity games in Section 5. My concluding remarks and some directions for fu
research appear in Section 6.

2. SEQUENTIAL FORMATION OF COALITIONS

In this section, | introduce the sequential game of coalition formation ¢
the equilibrium concept that | will use. The set of players is dendtedvith
cardinalityn. The indexi will refer to the players. Aoalition T is a honempty
subset of players. Aoalition structurer is a partition on the sell. The set
of all coalition structures is denoted kY. For any subseK of N, the set of
partitions onK is denotedTy with typical elementr .

Gains from cooperation are described byaduationv which maps the set
of coalition structuredT into vectors of payoffs it". The component; ()
denotes the payoff obtained by playeif the coalition structurer is formed.
| assume that payoffs are normalized so that any player, by opting to leave
game can get a strictly positive payoff. Forma¥ly,e N, min, 5, vi (r) > 0.
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A rule of orderp is an ordering of the players, which is used to determine
order of moves in the sequential game of coalition formation.

The sequential game of coalition formation is defined by the exogenous sy
cation of the valuation and of the rule of ordes. To emphasize this dependenc
| denote the game of coalition formation byv, p).

The gamd™ (v, p) proceeds as follows. The first player according to the |
of orderp starts the game by proposing the formation of a coalificl which
she belongs. Each prospective member responds to the proposal in the
determined byp. If one of the player rejects the proposal, she must mal
counteroffer and propose a coalitidn to which she belongs. If all membe
accept, the coalition is formed. All membersTothen withdraw from the game
and the first player ilN \ T starts making a proposél.

This game describes in the simplest way a procedure where coalitior
formedin sequenceThe main characteristic of the game is that, once a coal
has been formed, the game is only played among the remaining player:
extensive form thus embodies a high degree of commitment of the players.
players agree to join a coalition, they are bound to remain in that coalition.
can neither leave the coalition nor propose to change the coalition at later
of the game. Figure 1 depicts the extensive form of the game with three pla

A history I at datet is a list of offers, acceptances and rejections up to pe
t. At any point in the game (p, v), a historyh' determines

e asetK (h') of players who have already formed coalitions
e a coalition structurery ., formed by the players il (h%

an ongoing proposal (if anyf (ht)

a set of players who have already accepted the proposal
a player who moves at peridad

Playeri is calledactiveat historyh! is it is her turn to move after the histor
ht. The set of histories at which playiis active is denoted; .
A strategyo; for playeri is a mapping fromH; to her set of actions, namel

oi(h) € {Yes,Ng if T(h)#02

oi(h) e (T c N\ K(hY),i e T} if T(ht) =0.

WhenT (h') # ¢, playeri is a respondent to the offéf(ht) and she car
choose to accept or reject it. Tf(ht) = ¢, either a coalition has just formed ar
playeri is the first player irN \ K (h*) according to the rule of order, or player

8 Each time a coalitioT is proposed, the order of responses is fixedobipdependently of the
history or the identity of the proposer. Hence, for example, if player 2 proposes the formatio
coalition{1, 2, 3}, player 1 responds first and player 3 responds after player 1.
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b %{1 %&n b/ab| \bc\abc

{a}{bc} g {a}{b}{c} ‘ {ab}{c} {acHb {abc}

FiG. 1. The gamd’.

i has justrejected an offer. In both cases, it is her turn to propose a new coa
T which must be a subset of the remaining players to which she belongs.

| restrict my attention to strategies which only depend on the payoff-rele\
part of the history. For a playéractive at historyh, the only payoff-relevant
features of the history are the détof players who left the game, the patrtitio
i representing the coalitions they formed and the current @ffém particular,
the set of players who have already accepted the dffsruniquely determined
by the rule of ordep.

A strategyo; is stationaryif it only depends on the state = (K, g, T)
whereK is a (possibly empty) subset of, 7 is a partition ofK andT is a
(possibly empty) subset &f \ K. Formally, letting7 (i, K) define the collection
of subsets oN \ K to which playeli belongs, a stationary strategy is a mappit
from the set of states at which playies active,S, to a set of actions, where

oi (K, 7wk, T) € (Yes, NG if T # @

oi (K, g, ¥) € 7(, K).

Any strategy profiler = {0 }jcn determines an outcom& (o), t(o)) of the
game. If the game ends in a finite number of periads;) is a coalition structure
on the selN, andt (o) is the period at which the agreement has been reache
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| assume that players do not discount the future. In the case of an infinite
of the game, players who have not formed a coalition receive a payoff of
More precisely, suppose that a subbet K of the players does not reach :
agreement in a finite number of periods. Payoffs are then given by

vi(7 (o)) =0 for all playersin N\ K

Vi (7 (0)) = MaXy, cx vi () for all playersin K.

DEFINITION 2.1. A subgame perfect equilibriuat is a strategy profile suc
thatVi € N, Vh' € H;, Voi, vi (w (6 ("), 0%)) > vi(w(oi ('), 0%))).

DEFINITION 2.2. A stationary perfect equilibriuna* is a subgame perfec
equilibrium wherevi € N, 0" is a stationary strategy.

A coalition structurer generated by a subgame perfect equilibrium is ca
an equilibrium coalition structure(ECS). Coalition structures generated
stationary perfect equilibria are callethtionary equilibrium coalition struc
tures(SECS). The set of stationary equilibrium coalition structures is den
SECSv, p)

Remark2.3. Since every player obtains a higher payoff by leaving the g
than by disagreeing forever, an infinite play of the game cannot be par
subgame perfect equilibrium. Hence, the concept of an equilibrium coa
structure is well defined.

The payoffs of the game described above are not continuous at infinity. +
the existence of a subgame perfect equilibrium is not guaranteed. To circul
this difficulty, 1 first show that any subgame perfect equilibrium of the ge
with sufficiently high discounting is a subgame perfect equilibrium of the g
I'(v, p). To be more precise, Iét;(v, p) denote the game where strategies ¢
moves are defined as above but payoffs are givemilty) = 8/ vi ((0)).

PrOPOSITION2.4. There exist$ € (0, 1) such thatif Vi, §; > §, any sub-
game perfect equilibrium @f; (v, p) is asubgame perfect equilibriumbtv, o).

Proof. Observe first that, sincH is finite, the set of payoffs of the gam
v(IT) is finite. Hence, the set of possible coalition structures forméd in, p)
is finite. In particular, this implies that, asvaries continuously from O to 1
the strategy profiles of the game can only lead to a finite number of coa
structures. Hence, there exist8 such that, for alb, §’ > §, if o* is a subgame
perfect equilibrium ofl's(v, p), thenc™* is a subgame perfect equilibrium
FB’(vs /0)

Considernow’ > §, and leto* be a subgame perfect equilibriumiaf (v, p).
Then, for any player, any historyh' in H;, any strategy; and anys < [§', 1),

t(oi (h).0%,)

t(o*(h'),0*) % «
P i (m(of, 05)) = 6 vi ((oi, 07)).

1)
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Taking limits ass goesto 1,
vi (7 (o (hY), 6%)) = vi((oi(h'), 07)).
Henceo * is a subgame perfect equilibrium B{v, o). =

COROLLARY 2.5. For any valuatiorw and any rule of ordep, there exists a
subgame perfect equilibrium of the game, p).

Proof. Fix aé > §. The gamel's(v, p) is a finite action game of perfect
information and is continuous at infinity. Hence, by a result of Fudenberg
Levine (1983) (Corollary 4.2, p. 262), the gamgv, p) has a subgame perfec
equilibrium. From Proposition 2.4, any subgame perfect equilibriuivy af, o)
is a subgame perfect equilibrium Bfv, p). =

By imposing stationarity, | require that strategies only depend on the pay
relevant part of the history. In the framework analyzed here, the payoff-rele
part of the history is summarized by the stateharacterizing the coalition
structure formed by the previous players and the ongoing offer. Chatetride
(1993) and Moldovanu (1992) show that, when players bargain over the divi
of the coalitional worth, the set of nonstationary perfect equilibria may be v
large, and stationarity is a useful restriction to refine the set of subgame pe
equilibria. A striking aspect of the game analyzed here isstaionary perfect
equilibria may fail to existThis point is illustrated by the following example.

ExampPLE 2.6. N = {a, b, c}, andp definesa < b < c.

b4 va(m)  wp(m)  ve(m)
albjc 1 1 1
ablc 3 2 1
aclb 2 1 3
albc 1 3 2
abc 1 1 1

In this example, playea wants to form a coalition with playes, playerb
with playerc, and playerc with playera.

To show that the gamE& (v, p) does not admit any stationary equilibriur
coalition structure, observe first that the three coalition struct{{@e, c}},
{{a}, {b}, {c}} and {{a}, {b, c}} cannot be supported by any equilibrium sinc
playera would benefit from deviating and offering the formation of the coa
tion {a, c} which playerc would accept. The two other coalition structure
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{{a, b}, {c}} and {{a, c}, {b}} can be supported by equilibria in nonstations
strategies but not by a stationary perfect equilibrium.{farb}, {c}} to be sup-
ported by a stationary perfect equilibrium, it must be that playegjects the
offer {b, c}. But, in equilibrium, playerc will only reject the offer{b, c} if
playera accepts the offefa, c}. By stationarity, playeb accepts the offefa, b}
irrespective of the history of rejections which have preceded it. Hence,
playerb always accepts the offé¢a, b}, playera cannot accept the offéa, c}.
Similarly, the coalition structuré{a, c}, {b}} is only supported by a stratec
prescribing that playdn rejects the offefa, b}, implying that playeric accepts
the offer{b, c}. Since, by stationarity, playexr always accepts the off¢a, c},
playerc should reject the offefb, c}. Hence, the gamE (v, p) does not admit
any stationary perfect equilibrium.

However, the coalition structurg$a, b}, {c}} and{{a, c}, {b}} can be sup-
ported by equilibria in nonstationary strategié® support these coalition stru
tures as equilibria, one only needs to allow players to condition their actiol
the number of times they have received an offer. Consider first the coa
structure{{a, b}, {c}} and the following strategies. Playaralways accepts th
offer {a, b} and propose&, b}. She rejects$a, b, ¢} and accept&, ¢} when, in
the historyh, she has made the offga, b} to playerb anodd number of times.
Playerb acceptgb, c} and proposeh, c}. She reject$a, b, ¢} and only accepts
{a, b} if, in the historyht, the offer{a, b} has been made by playaran odd
number of times. Playeracceptga, ¢} and proposefa, c}. She reject$a, b, ¢}
and only acceptfb, ¢} if, in the historyht, playera has made the offea, b} an
evennumber of times. These strategies form a subgame perfect equilibrit
the game (in nonstationary strategies), and are depicted in Figure 2. A st
profile supporting the coalition structuf¢a, c}, {b}} can be constructed in
similar way.

In Example 2.6, the three players play a symmetric role. Hence, no char
the rule of order can guarantee the existence of a stationary perfect equilil
Moreover, Example 2.6 is generic, since the nonexistence of a stationary p
equilibrium is robust to small variations of the valuation. Nonexistence of
tionary perfect equilibria is thus a robust phenomenon in games with more
three players.

Note however that the nonexistence of a stationary perfect equilibriu
pure strategies in Example 2.6 is linked to the fixed sharing rule. If pla
were allowed to bargain freely over the worth of the coalition in a game
transferable utility, the nonexistence result would disappear.

The central feature of Example 2.6 is the disagreement among player:
the coalitions which should be formed. A similar problem was noted by Sh
(1979) in Apex games, where a single big player faces a number of small

9 These strategies are closely related to strategies constructed by Shaked to support any di
the payoffs in a three-person bargaining game (Sutton (1986)).
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a
a ab ac abe
b [
N Y, N

c ab\abc

c/ac b\ abe

a ab ac abc

FiG. 2. Nonstationary equilibrium strategies supporting the coalition stru¢taré}, {c}}.
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ers (Example 7.5, p. 150). The preferred coalition for the big player is the ¢
coalition, since it offers her the possibility of diluting the power of the small p|
ers. Small players, on the other hand, would rather form a two-member coe
with the big player. This disagreement among players about the coalition v
should be formed leads, as in Example 2.6, to the nonexistence of a stat
perfect equilibrium. This suggests that a sufficient condition for the exist
of an equilibrium coalition structure is high degree of unanimity among pla
about the coalitions they wish to form. While this point is not pursued here
class of symmetric games analyzed in Section 4 provides an example of (
where players unanimously agree on the coalitions they want to belong to

3. STABLE COALITION STRUCTURES

In this section, | compare the equilibrium coalition structures with coali
structures satisfying cooperative concepts of stability. Concepts of stabil
games with externalities require a specification of the reaction of external
ers to the formation of a coalition, and different assumptions on the beh
of external players give rise to different definitions of stability. Kurz (19
distinguishes five models of reaction of the external players. The core ste
concept, firstintroduced by Shenoy (1979), is based on the following domir
relation. A coalition structure dominates a coalition structuné if there exists
a coalition inm whose members receive strictly higher payoffs thaminA
coalition structure is calledore stablaf it belongs to the core of the dominanc
relation. In effect, this definition of stability is very restrictive, since it assul
that, when a group of players deviate, they consider that external players
in such a way as to maximize the payoff of deviating players.

Hart and Kurz (1983) propose four models of reaction of the external pla
In the y model, coalitions which are left by some members dissolve. Ir§t
model, members of coalitions which lose members remain together and
smaller coalitions. The last two stability concepts are based o tued the
a corest® In the B model, a grougK of players deviates if, for any possib
reaction of the external players, namely any coalition structyrg of N \ K,
there exists a coalition structure Kf, 7 , such that all members &f are better
off in the new coalition structure = wn\k U 7k . In the o definition, a group
K of players deviates if there exists a coalition structugesuch that, whateve
the reaction of the external players, memberdoére better off forming the
coalition structurerk .

Letting, for any fixed valuatiow, the sets of Core stablg, stable,s stable,
B stable andr stable coalition structures be denoted®g(v), Cy (v), Cs(v),

10 see Aumann (1967) for a complete description ofdtends core concepts.
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CB(v) andCa(v), the following lemma is easily establish&d.

LEmmA 3.1. For any valuationv,CC(v) C (Cy(v) U Cd(v)) C CB(v) C
Ca(v).

I will focus here on the two extreme concepts of core arstability? For-
mally, a coalition structurer is core stableif there does not exist a coalitior
K and a coalition structure’ such thatk € 7" andVi € K, vi(7) > v (7).
A coalition structurer is o stableif there does not exist a coalitiod and a
partitionzy on K such thatyi € K, Vank € Ik, vi(wg Unk) > v (7).

The next proposition shows that, when the set of stationary equilibrium cc
tion structures is nonempty, it contains the set of core stable structures.

PrOPOSITION3.2. Assume that there exists a rule of ordes such that
SESQu, p) # @. Then CQv) c SEC v, p).

Proof. Let g denote one rule of order for whicREC Sv, o) # . Let 7
denote a coalition structure @C(v). To prove the proposition, | construct ¢
stationary perfect equilibriumo of the gamel' (v, p) such thatr(6) = 7. |
denote byT (i) the coalition to which player belongs in the coalition structure
7. A partition rx of a subseK of the players is called subpartitionof 7 if
it is formed by the union of elements af The set of all subpartitions df is
denotedSuh(7). Pick a stationary perfect equilibrium of the game (v, ).

A stationary strategy; for playeri is then constructed as follows.

Assume that a subsdt of players, wheré ¢ K, has already formed a

coalition structurerg .

If 7k & SubA), & (K, 7k, ) =ai(K, 7k, -)

If 7k € Sub@), & (K, 7k, d) =T()
(K, mk, T()) = Yes
& (K, k., T') = Yes if v (r(T')) > vi (%)
& (K, k. T) = No if v ((T") < v (7).

whererx (T’) is the coalition structure generated JByafter the coalitionl’ has
been formed.

11 Hart and Kurz (1983) derive the last three inclusions of the Lemma. The first inclusion is im
diate, once one reinterprets the core stability concept in terms of reaction of the external players
deviation of a group of players.

12 The absence of coincidence betweestable structures and equilibrium coalition structures c:
be extended to the intermediate conceptg,of, ands stability.
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The strategy prescribes that playérfollows her part of a stationary perfe
equilibriumg if a coalition structurery off the equilibrium path has been forme
and that she forms the coalitidn(i ) otherwise.

It remains to check that is a subgame perfect equilibrium of the gal
I'(v, 5). Observe first that, sincé is a stationary perfect equilibrium profil
the strategy profilé is a subgame perfect equilibrium if a coalition structure
the equilibrium path has been formed. Suppose now that the previous p
have formed a coalition structurg in Sulw). To check that is a subgame
perfect equilibrium on the equilibrium path, consider the possible deviation
playeri.

Playeri can deviate by announcing a coalition structlife£ T (i) when it
is her turn to announce a coalition. However, sificis a core stable structure
there exists a playejrin T’ such thaw; (w(T")) < v;(7). Hence, any coalitior
T’ different fromT (i) will be rejected.

If now playeri receives an offef (i), any deviation will lead to the formatio
of the coalitionT (i), since any different offer by playerwill be rejected by
some player.

Finally, suppose that playerreceives an offel’ # T(i). If vy(n(T')) <
vi (1), she cannot benefit from accepting the offer. If all other member
T’ accept the offer, the coalitiom’ is formed and player obtains a payoff
vi (7 (T)), whereas, by rejecting the offer, playieobtains the payoff; (7). If
vi (r(T')) > v (), playeri should accept the offer, since her rejection wol
lead to the formation of the structure, whereas her acceptance may eitl
secure the formation of (T’), if no player following playeii rejects the offer
T’, or yield the formation ofT (i), if some player following player rejects the
offer T'.

Since playeii has no incentive to deviate from her stratégythe strategy
profiles forms a subgame perfect equilibrium of the gdnge, o). Furthermore,
by constructionz(6) = 7. HenceCC(v) C SECSv, p). =

In the statement of Proposition 3.2, | require the set of stationary perfect
libria to be nonempty. This assumption is needed to show that, once a co:
structure is formed off the equilibrium path, the game still admits a statio
perfect equilibrium. The following example shows that the assumption ca
be relaxed.

ExampLE 3.3. N = {a, b, ¢, d}.
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T va(m)  wp(w)  ve(w)  vg()
abcd 5 5 5 5
albc|d 1 3 2 1
albjcd 1 1 3 2
albd|c 1 2 1 3
Others 1 1 1 1

The game of Example 3.3 admits a unique core stable structure, the g
coalition which Pareto dominates any other coalition structure. However,
subgame following the formation of the coaliti¢a} is identical to the game in
Example 2.6 and does not admit any stationary perfect equilibrium.

The difficulty illustrated by Example 3.3 can be alleviated by assuming tl
in addition to the valuation, all restrictions of the valuation to subsets c
the players admit a core stable structti&ince payoffs depend on the whol
coalition structure, the restriction of the valuatioto a subseK of the players
must entail a description of the partition formed by the external players.

Therestriction of the valuatiorw to a subseK of the players relative to the
coalition structurery,k is defined as followsu(K, mnk ): Tk — RIKI where
v(K, mnk)i (Tk) = vi (T U k).

LEMMA 3.4. Letw be avaluation such that C@) # ¢, and, for any restric-
tionv’ of v, CC(v') # ¥. Then for any rule of ordero, SEC Sv, p) # 0.

Proof. Let p be a fixed rule of order. | construct a stationary perfect eq
librium strategy profile. For any restrictian of v to a subseK of the players,
relative to the coalition structuren,k . pick a core stable structure. This cor
stable structure is denoted BYS(ny\k ), and, for any playerin K, T (i, wnyk)
denotes the coalition playeibelongs to inC S(nk ).

Construct a stationary strategy profiteas follows.

oi(N\ K, wnk, ¥) =T (0, wnk)

oi(N\ K, vk, T@, mnk)) = Yes

oi(N\ K, mnk, T') = Yes if v (CSnk U T)) > v (CS(mnk))
oi(N\ K, mnk, T) = No if v (CSTnk UT)) < v (CSmnk)).

13 This requirement is very similar to the condition of total balancedness for games witl
externalities.
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To show thato forms a subgame perfect equilibrium, consider all poss
deviations for player.

If playeri proposes a coalitiofi” # T (i, mn\k ), one of the members o’
will reject the offer, sinceC S(ry\k ) is a core stable structure. Hence, plaiye
cannot benefit from announcing a coalition different frou, —y,k ). Similarly,
by rejecting the offefT (i, wn\k ), playeri cannot obtain a higher payoff sinc
the only coalition she can announce is the coalifidi 7n\k ).

Suppose now that playereceives an offef’ off the equilibrium path. By the
same argumentas in Proposition 3.2, she should accept the offer only if the |
she receives in the final coalition structure is higher than the payoff she rec
in CS(mn\k ). The final coalition structure obtained after the formatiorTaf
given the construction of the strategies, is the coalition stru€@@ern\k UT’).
Hence, no deviation from the strategycan be profitable and the construct
strategy profilec is a stationary perfect equilibrium. m

Proposition 3.2 and Lemma 3.4 immediately lead to the following coroll

COROLLARY 3.5. Letv be a valuation such that C@) # @, and, for all
restrictions v’ of v, CC(v') # @. Then for any rule of orderp, CC(v) C
SECSv, p).

Lemma 3.4 provides a sufficient condition for the existence of an equilib
coalition structure. Corollary 3.5 shows that any core stable structure of a v
tion v whose restrictions also admit core stable structures can be reached
outcome of a stationary perfect equilibrium of the game of coalition forma
In the case o stability, no such result can be expected. The following exan
shows that the sets of stationary equilibrium coalition structures andtzble
structures may be nonempty and disjoint.

ExamPLE 3.6. N ={a, b, c,d,€}.

T va(m)  wp(m)  wve(m)  wva(r)  velw)
abjcdle 4 4 3 3 1
albcid|e 1 5 5 4 1
aelbc|d 1 5 5 4 1
albclde 1 1 1 5 5
aclb|de 1 2 1 1 1
albjc|de 1 2 1 1 1

Others 1 1 1 1 1
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The game admits three stable structure§a}, {b, c}, {d}, {e}}, {{a€}, {bc},
{d}} and{{a}, {bc}, {de}}. To check that the coalition structufg}, {b, c}, {d},
{e}} is «a stable, observe that the only players who have an incentive to de\
are playersl ande, who may want to form a coalition. However, their deviatic
is prevented by the formation of the coalition struct{fe c}, {b}} by the three
other players. The coalition structuffae}, {bc}, {d}} is « stable for the same
reason. The structugéa}, {bc}, {de}} is« stable because the only two profitabl
deviations can be prevented by the external players. If playensdb form
the coalition{a, b}, the three other players can react by forming the struct
{{c}, {d}, {e}}, inducing a payoff of 1 for the two deviating players. If player
decides to break the coalition with playerthe four external players can forn
the coalition{a, b, c, d} which yields a payoff of 1 for playés.

These three coalition structures are the anistable structures of the game
The coalition structuré{a, b}, {c, d}, {e}} is hota stable since playets, c and
d can deviate and form the structufd, c}, {d}} in which they are guaranteec
to obtain higher payoffs. All other coalition structures are Pareto dominatet
the coalition structuré{a, b}, {c, d}, {e}} and hence are not stable.

I now claim that the unique stationary equilibrium coalition structure of
game, independently of the rule of order is the coalition structuré{a, b},
{c, d}, {e}}. Two cases must be distinguished, one wheigssigns as the first
playera or b, one wheree, d or e are chosen to start the game. If plagestarts
the game, playea should offer the formation of a coalitiofa, b}. This offer
will be accepted by playdy, since, if playeib were to form the coalitiotb, c},
playersd ande would form a coalition, inducing a payoff of 1 for playbr
Given that playera andb have formed a coalition, playershould offer to form
a coalition with played, who will accept. Hence, in equilibrium, the coalitior
structure{{a, b}, {c, d}, {e}} is formed. The same line of reasoning applies wh
playerb starts the game.

If now playerc starts the game, she should offer the formation of the coalit
{c, d}, since the offer{b, c} will be rejected by playeb. This offer will be
accepted by played. In fact, playerd has no incentive to form the coalitior
{d, e} since this induces playdrto form the coalition{b}. Once the coalition
{c, d} is formed, players andb form the coalition{a, b}, yielding the coalition
structure{{a, b}, {c, d}, {e}}. A similar line of reasoning applies to the case
whered ande start the game.

Example 3.6 is robust to small variations of the valuation. Hence there exi
class of valuations, suchthaSE SQu, p) # ¢, Ca(v) # dandSEC Sv, p)N
Ca(v) =0.

The absence of coincidence between the sequential game of coalition fc
tion and the model of: stability stems from two countervailing forces in th
definitions of deviations. On the one hand, deviations in the sequential m
are easierto obtain, because the external players who have already form
coalition cannot freely react to the deviation. This suggests that there may
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ist o stable structures which cannot be outcomes of subgame perfect equ
of the game. In Example 3.6, the coalition structuies, {b, c}, {d}, {e}} and
{{ae}, {bc}, {d}} are not stationary equilibrium structures, because, once plz
a, b andc have left the game, playetlsande can deviate and form the coalitic
{d, e}. Similarly, the coalition structur§{a}, {bc}, {de}} cannot be obtained i
a stationary perfect equilibrium, becausbas an incentive to deviate after tl
coalition{d, e} has been formed.

On the other hand, deviations in the sequential modeharder to obtain,
because group deviations are not allowed, and players look forward to t
nal consequences of their deviations. Hence stationary equilibrium coa
structures are not necessardystable. In Example 3.6, the coalition structt
{{a, b}, {c, d}, {e}} is notx stable, because playdrsc andd may deviate jointly
and form the coalition structurga}, {b, c}, {d}, {€e}}.

4. SEQUENTIAL FORMATION OF COALITIONS IN SYMMETRIC
GAMES

In this section, | analyze the formation of coalitions in the restricted c
of symmetric games. Symmetric games are described by valuations whe
players are ex ante identical. Hence, the payoffs received by the player:
depend on coalition sizes and not on the identity of the coalition members

Formally, letp denote gpermutationof the players inN. For any coalition
structurer of N, let prr denote the coalition structure obtained by permuting
players according tp. A valuationv is symmetriéf and only if Vi € N, vj () =
vpi (P7).

A symmetric gamés a game described by a symmetric valuation. Obs
that in symmetric games all members of a coalition receive the same p
and payoffs only depend on the sizes of the coalitions. An important fe
of symmetric games is that two coalition structures which only differ by
distribution on the players in the coalitions generate the same payoff distrib
This leads to the notion oféquivalenceof coalition structures in symmetri
games.

Two coalition structureg andn’ are calledequivalentif there exists a per.
mutation p of the players inN such thatr” = pzr. Two equivalent partitions
are said to be equal up to a permutation of the players. The equivalence
of a coalition structurer is denoted byeq(). If the valuationv is symmetric,
two equivalent partitions generate the same distribution of payoffs. Henc
symmetric games, the study of coalitions can be restricted to the study of €
alence classes of partitions. An equivalence class of partitions can be ide
with a list of coalition sizes, that is a sequence of positive integers addir
to n. | assume that the rule of orderis fixed, and let the players be index
by the ordered sdt =1, 2, ..., n. This can be done without loss of generali
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since any coalition structure emerging as an equilibrium of the gagnep’),
for p’ # p, is equivalent to a coalition structure generated by an equilibriurr
the gamel’ (v, p). Since the rule of ordep is fixed, the gamé™ will only be
indexed by the valuation.

Since in a symmetric game, all players are ex ante identical, | restrict
attention to symmetric equilibria where all players adopt similar strategies. |
mally, a strategy profile = {o; }i<n is calledsymmetridf and only if (i) at any
two statess = (K, ¢, T), s = (K, g, T) with |T| = |T’| # 0, for any two
playersi € T, j € T', 0i(s) = oj(s) and (ii) at any state = (K, 7k, ), for
any two players, j ¢ K |oj(s)| = |oj(s)|. In words, a strategy profile is sym:
metric if, at any state, all responders adopt the same strategy and all prop
announce coalitions of the same size. The set of coalition structures supp
by symmetric stationary perfect equilibria is deno®8EC &v).

| first show that, in a symmetric game, any symmetric stationary perfect e
librium coalition structure can be reached as the outcome of a finite gam
choice of coalition sizes. Furthermore, under a simple condition proposed by
and Vohra (1995), any equilibrium outcome of the game of choice of coalit
sizes can be obtained as a symmetric stationary equilibrium coalition struc
of the sequential game of coalition formation. Using this equivalence, | deri\
sufficient condition under which a symmetric game admits a symmetric stat
ary equilibrium coalition structure and prove that this structure is generic
unique.

The game of choice of coalition sizeqv) is described as follows. Player !
starts the game and chooses an intéger the interval [1 n]. Playerk; + 1 then
moves and chooses an integem the set[1n—k,]. Playerk; + k, + 1 chooses
at the next stage an integey in the set [1n — k; — kp]. The game continues
until the sequence of integek, k., ..., kj, ..., k;) satisfies)_k; = n. The
game for three players is depicted in Fig. 3.

A strategyr; for playeri in the gameA(v) is a mapping from the sdf;_;
to the set of integers in the interval,[dA — i — 1]. In words, for any coalition
structurer;_; of the firsti — 1 players, playerr chooses a coalition size(rj _1).
All players need not be called to announce coalition sizes in the game. Obs
however, that, for any strategy profite a single coalition structure () is
formed. The payoffs received by the players are then given G(7)).

A strategy profiler* is a subgame perfect equilibriunfi and only if for
all playersi, for all coalition structuresr;_; in IT;_; and for all strategies
7, U ( (g (1), T%)) = vi(w (7 (;wi—1), T)). As before, a coalition structure
generated by a subgame perfect equilibritins called arequilibrium coalition
structureof the gameA (v). The set of equilibrium structures af(v) is denoted
ECS(v).

LEMMA 4.1. For any symmetric valuation, EC S(v) # .
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2 3 {123}
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FiG. 3. The gameA.

Proof. The gameA(v) is a finite game of perfect information with perfe
recall. Hence it admits a subgame perfect equilibrium in pure strategies.

In the next proposition, | show that any symmetric stationary equilibr
coalition structure of the ganié(v) can be reached as an equilibirum coaliti
structure of the gama (v), up to a permutation of the players.

PrOPOSITION4.2. For any coalition structurer in SSEC %v) there exists &
coalition structurer’ equivalent tar such thatt’ € EC S(v).

Proof. Leto be the symmetric stationary perfect equilibrium of the ge
I'(v) supporting the coalition structure. | first show that the strategy prc
file o cannot involve any delay and that all offers prescribedobgre ac-
cepted. Suppose to the contrary that some playesjects an offerT with
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|T| > 2 at some state = (K, g, T). Since the strategy profile is sym-
metric, |0 (K, x, 9)| = |T| and for all playersj € oi(K, g, ?), we have
oj (K, mk, 0i (K, 7k, ¥)) = 0i (K, mk, T) = No. Hence offers are continuousl
rejected and the play of the game is infinite yielding a payoff of 0 to playe
Since however mip, iy, vi (r) > 0, playeri has an incentive to deviate ant
leave the game. This shows that, at a symmetric equilibéyrall offers are
accepted. Hence the strategycan be described by a list of offers made by tf
players at all states where they are proposers.

As a second step, | show that we can assume without loss of generality th
any two equivalent states= (K, nx, ¥) ands’ = (K’, mj, ) wherelK | = |K’|
and the two coalition structure andryk. are equivalento; (s)| = |oi(s)]. To
see this first reorder the players according to a rule of gbdewnsistent with
the order in which the coalition structuteis formed. Now, for any sel with
i ¢ K, let K denote the firsp-elements inN \ {i} and, for any partitionryk
of K, let 7k denote the equivalent partition &f. Construct then the strateg
o; as follows. At any stats = (K, 7k, ), let 6i(s) be a subset oN \ K
containingi such thati; (K, nx, 9)| = |a(K,7fK,(7))|. In words, | select for
any states = (K, 7y, ¥) a particular representative of the equivalence cle
eq(rk ) andg; assigns the action chosen for this representative state to the e
equivalence class. Clearly, the stratéggatisfies the condition that sets of th
same cardinality are chosen at two equivalent states. Furthermore, give
particular orderp chosenr(6) = n (o). It remains to show thad forms a
subgame perfect equilibrium of the gafi¢v). To see this, consider a stat
s = (K, g, ¥) and note that, since the strateys played, any action of player
i induces a unique partition of the skit\ K. Now suppose by contradictior
thatg; is not an optimal choice, i.e. that there exists a stratggypducing a
partitionmy\k such that; (mx U mn\k) > vi(rk U mavk ) wheremrgk is the
coalition induced bys;. Next consider a permutatighof the players such that
pK = K. Since the game is symmetrig(p(rx Umnk)) = vi (mk Umrnk) >
vi (mk Uk ) = vi (P(Tk U TNk ), contradicting the fact thag; is an optimal
choice at(K , 7k, 9).

Since we may assume, by the preceding step, that the strataggigns sets
of the same cardinality at any two equivalent states, we are ready to cons
a strategy profiler in the gameA(v) as follows. For any player and any
coalition structurer;_; of the preceding players, let(w;_1) = |oi (K, 7k, @)].
To show that forms a subgame perfect equilibrium of the gatm@), suppose
by contradiction that playérhas a profitable deviatiorj # 7; after the coalition
structurern;_; is formed. | claim that this implies that playehas a profitable
deviation fromp; in the gamd ™ (v). To see this, suppose that a coalition structu
nk equivalent tari_; has been formed and let playiereject any offerT such
that|T| # ¢/ and propose the formation of a coalitidhof sizet/. Sincer is a
profitable deviation in the ganre(v) and lettingzr’ denote the coalition structure
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induced by the choice’, we must have; (') > v; (r). Now, by symmetry, for
all playersj in T, vj(7') = vi (%) > vi (w) = vj (), so that player’s offer is
accepted. =

While Proposition 4.2 guarantees that any symmetric equilibrium can b
tained as an equilibrium outcome of the game of choice of coalition siz
does not imply that the equilibrium coalition structures of the ganform
symmetric stationary equilibrium outcomes of the sequential game of coa
formation. In fact, as noted by Ray and Vohra (1995), a stronger conditi
needed for this assertion to hold : the coalitions formed in the ganmeust
have the property that the players’ payoffs are decreasing in the order in \
coalitions are formed.

ProPOSITION4.3 (Ray and Vohra (1995)). Letz be an equilibrium coalition
structure of the gama (v) with the property that players’ payoffs are decreasi
in the order in which coalitions are formedlhen there exists a coalition structu
7’ equivalent tar such thatr’ € SSEC @v).

Proof. Let r be the subgame perfect equilibrium supportingDefine a
strategy; for playeri in the gamd (v) as follows. At any state = (K, 7k, )
let playeri announce a subs@tof N \ K with |T| = 7;(rrj_1) for the coalition
structurerj_, equivalent tark . At any states = (K, g, T) with T # ¢, let
oi(s) = Yesif |T| = 7;(;rj—1) andoi(S) = No otherwise. This strategy profil
is symmetric and yields a coalition structuréo) equivalent tar. It remains
to show that it forms a stationary perfect equilibrium of the gdnte). First
consider playei’s possible deviation at a stase= (K, 7k, ¥) when it is her
turn to make an offer. If she makes any offersuch thaiT’| # tj(;rj_1) and
|T’| > 2, her offer will be rejected. Hence playewill belong to a coalition
formed later in the game and, by assumption, her payoff is lower than the
she obtains in coalitiof . By the same reasoning, playiehas no incentive tc
reject an offerT where|T| = 1;(;_1). Finally, consider player's response tc
an offerT’ with | T'| # tj (;rj_1). By rejecting the proposal and offering to forn
coalitionT of size|T| = 7;(rj_1), she can secure the formation of the coaliti
structurerr. Sincer is a subgame perfect equilibrium of the game of choic
coalition sizesy; () > vi(wk U Nk ) for any other coalition structurenk
induced by the formation of a coalitioR’ at states = (K, ¢, #). Hence no
player has any incentive to deviate from the strategy prescribed bym

Propositions 4.2 and 4.3 provide a sufficient condition on the underlying
ationv for the equivalence between the symmetric stationary perfect equilil
outcomes of the sequential game of coalition formation and the subgame
equilibrium outcomes of the game of choice of coalition sizes. This resl
formally stated in the next corollary.
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COROLLARY 4.4. Suppose thain the gameA(v), players’ payoffs are de-
creasing in the order in which coalitions are formetihen for any coali-
tion structurer in SSEC &) and any coalition structurer’ in EC S(v),
eq(r) = eq().

Hence, under a simple condition, the game of choice of coalition sizes |
vides an easy method for the construction of equilibrium coalition structure
symmetric games. The exact nature of the restriction that players’ payoffs
decreasing in the order in which coalitions are formed is difficult to interpi
Ray and Vohra (1995) provide an example where the condition is violated
the subgame perfect equilibrium outcome of the game of choice of coali
sizes does not form a symmetric stationary perfect equilibrium of the seque
game. However, in most economic applications of coalitions with externalit
including the formation of cartels and of coalitions in majority games discus
in this paper, this condition is satisfied. The equivalence result of Corollary
can now be used to establish several important properties of equilibrium coal
structures in symmetric games.

COROLLARY 4.5. Letv be a symmetric valuation such thetthe gameA (v),
players’ payoffs are decreasing in the order in which coalitions are forfbdn
SECSv) # 0.

Proof. Follows from Lemma 4.1 and Corollary 4.4.m

Corollary 4.4 also leads to a simple sufficient condition for the uniquen
of symmetric stationary equilibrium coalition structures in symmetric games
valuationv is calledstrictif, for any playeti, and for any two different partitions
7 andr’, v (;r) # vi(7r'). Ina game described by a strict valuation, every age
receives different payoffs in different coalition structures. The next proposit
shows that the strictness condition is sufficient to guarantee the uniquene
the equilibrium coalition structure in the gam&v).

PrROPOSITION4.6. Letv be a strict symmetric valuatioirhen the gama (v)
has a unique equilibrium coalition structure

Proof. The proof is by induction on the numbeof players. Ifn = 1, the
gameA (v) has a unique subgame perfect equilibrium. Suppose now that, for
n’ < n, the game admits a unique subgame perfect equilibrium, and conside
first player’s choices in a game withplayers. For any choice of an inteder
the continuation game has less tmgplayers, and thus admits a unique subgar
perfect equilibriumz*({k}). Since the valuation is strict, there exists a uniq
k*, such that

n(k} U@ (k) > n(k}ur*(k}))  vk#K"

Hence then player game admits a unique subgame perfect equilibrium.
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Proposition 4.6 implies that, if the valuation is strict, all equilibrium coalit
structures of the gani&(v) are equivalent. Hence | obtain the following corolla

COROLLARY 4.7. Letv be a strict symmetric valuation such thisthe game
A(v), players’ payoffs are decreasing in the order in which coalitions are forn
Then the gamé& (v) has a unique symmetric stationary equilibrium coaliti
structure up to a permutation of the players

5. APPLICATIONS

In this section, | apply the sequential model of coalition formation to
particular symmetric situations. | first analyze the formation of cartels in a
metric Cournot oligopoly. The second application is based on Hart and
(1984)'s study of endogenous coalition formation in symmetric majority gau
In both applications, | derive the subgame perfect equilibrium of the gan
choice of coalition sizes. It is straightforward to check that players’ payoff:
decreasing in the order in which coalitions are formed, so that the equiva
result of Corollary 4.4 can be applied.

5.1. Cartels in a Symmetric Cournot Oligopoly

It has long been noted that the formation of cartels in oligopolies inve
a fundamental instability (See Stigler (1968)), since, once a cartel has
formed, members of the cartel obtain a lower profit than outsiders, and |
have an incentive to leave the cartel. Saktral. (1983) analyze this instabilit)
in a simple symmetric Cournot oligopoly with linear demand and homogen
goods, and show that there exists a minimal profitable size of the cartel wh
never lower than four fifths of the members of the industry. This cartel is how
(intuitively) unstable since members of the cartel would prefer to stay out
let the other firms form a cartel. In the sequential model analyzed here,
have the power to commit to stay out of the cartel. Hence, the unique equilik
coalition structure predicts that firms choose to remain outside of the cartel
the remaining firms form the cartel of minimal profitable size.

More precisely, consider a Cournot oligopoly where firms face a linear in
demand curveD = o — )" gi, wheregq; is the quantity produced by each fir
i. All firms are assumed to have a constant marginal cost. Guppose tha
K cartels have formed on the market, and that the structure of cartels is
bymr = {T1, To, ..., Tk, ..., Tx}. Straightforward computations show that,
equilibrium, each cartel will produag* () = (« — A)/(K + 1).2* Hence, firm

14 It is important to note that the equilibrium quantity produced by each cartel only depends «
number of cartels on the market.
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i inthe cartelT (i) of sizet (i) obtains a payoff of
(o — 1)?
ti) (K + 12

The problem of cartel formation can thus be summarized by the valuation def
by vi () = B (7).

R (r) =

ProPosITIONS.1. Any equilibrium of the game of cartel formation is chal
acterized byr* = (T/, {j}j¢r:) where { is the first integer following2n +
3 — V/4n+5)/2. (If v/4n+5 is an integert; can take on the two values
2n+3—V4n+5)/2and(2n +5— +/4n + 5)/2))

Proof See the Appendix. m

5.2. Coalitions in Symmetric Majority Games

In their study of endogenous coalition formation, Hart and Kurz (1983) ad
cate a two-stage approach, where players evaluate their payoffs, in any coa
structure, according to a fixed rule (Owen (1977)'s extension of the Sha|
Value to games with coalition structures), and play a game of coalition fori
tion using the value as their expected payoff. Owen (1977)’s value differs fi
Aumann and Deze (1974)’s value in assuming that players bargain over
worth of the grand coalition, as opposed to the worth of the coalition they bel
to in the coalition structure. The formation of a coalition is thus interpretec
a way for the players to modify the environment in which they bargain over
worth of the grand coalitiof®

Owen (1977)'s value is computed, for any game in coalitional function fo
w, any coalition structure and any player as

¢i(w, m) = Ew(PUI) —w(P)),

where the expectation is taken over any random order which is consistent
the coalition structurer (i.e. ranks consecutively members of any coalition
the coalition structure) an®@ is the set of predecessorsiohccording to the
random order.

Hart and Kurz (1984) apply Owen (1977)'s value to analyze the formatior
coalitions in different types of games in coalitional function form. We consic
here only symmetric majority games.

DEFINITION 5.2. A symmetric majority gamé (n, m) is defined as follows.
The numben is the total number of players, and the integefthe majority) is

15 The axiomatic derivation of the two different values are given in Aumann ardé)(1974) and
Hart and Kurz (1983). The differences are thouroughly discussed in Hart and Kurz (1983).
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any integer in the intervallh + 1)/2, n]. The coalitional function is given by

o w(T)=0ift <m
e w(T)=1fort >m,

whereT is any coalition, and denotes the cardinality of coalitioh.

To compute the Owen value in the symmetric majority gavii@, m), let me
consider a coalition structurecontainingK coalitions;r = {T1, T, ..., Ty, . ..
Tk }. The total number of random orders consistent with the coalition strugtt
is Kl lto! .. t! ... tk!, wheret, denotes the number of elements of the coalit
Tk. Itis then clear that for the incremental value of play&r be positive, it must
be that playeris ordered at positiom in the random order. Denoting By(i ) the
coalition playeri belongs to and letting) (w) denote the number of ordering
of the coalitions int such that a member of the coalitidri) is at positionm,
| obtain the following simple expression for the Owen value

wi ()
t(i)K!

Hence | can now define the valuationz) = ¢; (). The characterizatiol
of the equilibrium coalition structures is made difficult by the lack of struct
of the functionw; (;r). In the absence of general characterization results, Ta
describes the equilibrium coalition structures of any symmetric majority g
with n < 1016

The equilibrium coalition structures of symmetric majority games are
easily interpreted. When the majority required to win) (s small, it appears
that the minimal winning coalition forms, members of the winning coalitior
obtain 1m and external members, who obtain 0, organize themselves fi
When the number of votes required to win increases, the share of any me
of the winning coalition decreases and it may become profitable to form sn
coalitions. This effect explains why the minimal winning coalition does
necessarily form in the symmetric majority gamds5s, 4), M (6, 5), M (7, 6),
M (8, 6), M(9, 7), M(9, 8) andM (10, 8). However, if all votes are required t
win, the only equilibrium coalition structures are the grand coalition and
coalition consisting of singletons. In fact, in that case, the probability to w
independent of the size of the coalition, and players should always try to
the smallest coalitions. Hence, the only possible equilibrium coalition stru
are the coalition consisting of singletons and the grand coalition which
the same payoff of Wto all players. Finally, it should be noted that Hart a
Kurz (1984) observed that the majority gaié10, 8) has nax stable coalition
structure. However, in my framework, an equilibrium coalition structure e
for this game.

¢i () =

16 The computations leading to the characterization of the coalition structures are not reprc
here and are available from the author.
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TABLE |. Coalition Structures in Symmetric Majority Games

n=3
m=2 m=3
abjc alb|c
abc
n=4
m=3 m=4
abdd albic|d
abcd
n=>5
m=3 m=4 m=5
abddl|e abcdle abjc|d|e
abdde abcde abcde
n==6
m=4 m=5 m=26

abcde| f abddel f albjc|d|e| f

abcdef abcdef
n=7

abcde|f|g abcdéf|g abcdefg albicld|e|f|g
abcdeflg abcdeéfg abjcdlef|g abcdefg
abcdefg abddef|g

6. CONCLUSIONS

In this paper, | analyze a sequential noncooperative game of coalition for
tion when the rule of payoff division is fixed and payoffs depend on the wh
coalition structure. The extensive form of the game is closely related to the e»
sive forms proposed by Selten (1981), Chattegeal (1993) and Moldovanu
(1992) for games of coalitional bargaining. | show that any core stable struc
can be obtained as the outcome of a stationary perfect equilibrium, providec
the set of stationary perfect equilibriais nonempty. | analyze games describe
symmetric valuations and provide a condition under which, when all the play
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TABLE |. Continued

n=238
m=5 m=6 m=7 m=38
abcdef|glh abcdefglh abcdefgh albic|d|e| f|glh
abcde fglh abcdefgh abcdefgh
abcde fgh abddef|glh

abddef|gh

n=9
m=>5 m==6 m=7 m=38 m=9
abcde f|g|hli abcdefig|h|i abcdiefglhi ablcd|ef|ghli albic|d|e| f|g]h]i
abcde fglhji abcdefighli abcdlefghli abcdefghi abcdefghi
abcde fglhi abcdefghi
abcde fghji
abcde fghi

n=10
m=26 m=7 m=38 m=9 m=10
abcdefig|hli|j abcdefghli|j abcdefghilj abcdefghij alblc|d|e| f|glhli|
abcdefighii|j abcdefghilj abcdefghij abcdefghij
abcdefighyij abcdefgdhij abcdlefghli|j
abcdefghilj abcdiefghij
abcdefghij

are identical ex ante, the game admits a symmetric equilibrium coalition <
ture which is generically unique up to a permutation of the players. | also pr¢
examples to show that stationary perfect equilibria may fail to exist in gel
valuations and that the noncooperative approach followed here is unrela
standard cooperative game-theoretic solution concepts.

The determination of the equilibrium coalition structure in the sequential ¢
of coalition formation is driven by two basic features of the extensive fc
First, the exogenous rule of order imposes a fixed order of moves by pl
in the game. Depending on the valuation, players may have an advant:
moving first, second or in any other position in the game. The rule of order
creates an asymmetry among players which is determined outside the
An important direction for future research is to eliminate this asymmetry
to explore conditions under which the equilibrium of the extensive form g
is independent of the rule of order. This line of research has been pursu
Moldovanu and Winter (1995) in the context of games of coalitional bargair
They show that order independent equilibria only exist when the under
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game in characteristic function form, as well as all its restrictions, have noner
cores.

The second important feature of the extensive form is the commitment pc
of the players. | assume that, by accepting the offer to join a coalition, player:
bound to remain in that coalition whatever coalition structure the other pla
may form. This implies that coalitions are formed one after another and
coalitions may not compete to attract members. In fact, this sequential stru
of the process of coalition formation is the feature of the extensive form wt
guarantees the existence of an equilibrium. Extensive form games where pl;
do not commit to stay in a coalition can easily be constructed. The existence
characterization of equilibria in these games constitutes a difficult but impor
area for future research.

Finally, the model analyzed in this paper assumes that the coalitional wor
divided according to a fixed sharing rule. While this approach greatly simpli
the analysis, it clearly restricts the applicability of the model. The study of
tensive form procedures allowing players to bargain over the worth of coaliti
seems to me to be the foremost topic for future research.

APPENDIX: PROOF OF PROPOSITION 5.1

The proof consists in three steps. In the first two steps, | explicitly const
the stationary perfect equilibria of the game. Observe first that the only pay
relevant part of any history of the game is thember of coalitions which have
already been formedo fix notations, leK be the number of coalitions alread:
formed, andm be the number of remaining players in the game, after a gi\
history.

Stepl. After a given history, suppose thidt coalitions have been formed
and thatm players remain in the game. Suppose furthermore that, if a coali
of size u is formed, the remainingn — i players remain isolated. Then th
optimal choice ofu is given by:

=1 if m<(K+1)?2

wr=m if m> (K +1)>2

Given that the remaininmn — p players form singletons, the optimal numbe
of players in a coalitiony*, solves:

(@ —2)?

maxF =
) w(K +m—p + 2)2

subjectto 1< u < m.
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The function 14(K 4+ m — u + 2)? is strictly decreasing for 1< p <
(K +m+ 2)/3, and strictly increasing failK + m+ 2)/3 < u < m. Hence, the
optimal choicew* is either 1 om. Now,

_ @
P = (K +m+1)2
(=22
P = K T 22

Solving the quadratic im, | obtain:
F(1) < F(m) ifand only if m > (K + 1)2.

Step2. The game admits two stationary perfect equilibria, given by
Strategyl.

If m< (K + 1)2? chooseu = 1
f(K+D2<m<(K+22+1 chooseu = m
If (K+22?+1<m choosey = 1

Strategy2.
If m< (K + 1)2 chooseu = 1

If(K+1D2<m<(K+22+1 chooseu = m

If (K+22?+1<m choosey = 1.

The two equilibria only differ in the rules chosen to break ties. In the -
equilibrium, if a player is indifferent between forming a cartel of simeor
forming a singleton, she chooses to form a cartel. In the second equilibriun
chooses to remain isolated. In the remainder of the proof, | focus on strate
and show thagiven that ties are broken according to the rule that indiffer
players choose to form coalitionstrategy 1 is the unique stationary perfe
equilibrium of the game.

The proof is by induction on the number of remaining players in the ge
If m = 2, the player before last chooses whether to form a cartel of size
to remain isolated, in which case the last player remains isolated as well.
K > 0,2 < (K +2)? + 1. Hence strategy 1 prescribes that a cartel is forme
and only if 2> (K + 1)?, and by Step 1, this is the unique optimal strategy
the player before last.



120 FRANCIS BLOCH

Suppose now that, for anyt < m, strategy 1 is the unique equilibriun
strategy. Consider the different possibilities withplayers remaining in the
game.

If m < (K + 1), thenm < m, m < (K + 2)2. Hence, whatever coalition
the player forms, all subsequent players choose to remain isolated. Thel
Step 1, the unique optimal strategy is to choose to form a singleton.

If now (K + 1) < m < (K 4+ 2)2 4+ 1, similarly, ym' < m, m/ < (K + 2)2.
Hence, irrespective of the coalition formed by the player, the subsequent ple
choose to remain isolated and, by Step 1, since (K + 1)?, the player should
choose to form a coalition of siza.

Finally, whenm > (K +2)2 + 1, different possibilities have to be considere
The player may either choose to form a coalitiosuch thatm— ) > (K +2)?,
in which case the remaining players form a coalition, or a coaliticuch that
(m—u) < (K + 2)2, in which case the remaining players choose to rem:
separate.

When the coalition sizg is such thatm— i) < (K +2)?, the player’s payoff
is given by:

(@ —21)?

P = 2 m— 2

From Step 1, since > (K + 1), the optimal choice of coalition sizejs = m.

In the case wherg is chosen small enough, other players form a coaliti
later in the game. Given the specification of the strategy, after the formatio
the coalition of sizeu, a group of players will choose to remain separate, &
the last players will form a single coalition. The number of players who cho
to remain isolatedy, is the unique integer satisfying:

(K+2+v)2<mM—-—p—v) < (K+3+v)2+1.

A simple computation shows thatis the first integer following:

o ITAR M) — (2K +5)
= . .

Hence, the payoff to a player who chooses a coalition of simdnerem — . <
(K + 2)2is given by:

(o — 1)?
GW=—"
" w(K 4+ 34152

or
(@ —2)?

Gp) = .
() w9+ 4K +m—p)+1)2
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The optimal valug.* is thus the minimum over the interval,[h — (K + 2)?]
of the function

H(w) = u(v9+ 4K +m— ) + 1%
Next consider the derivativiel’ of H,

H' () = (V9+ 4K +m—pu) +D(/94+ 4K +m—p)
4u

VSIFAKFm—p)

A study of the sign oH’ shows that the functioH is increasing up to the valu
w = (16K + 16m + 35+ /73 + 32K + 32m)/32, and decreasing thereaft
Hence, the optimal choice pf, 1*, is eitheru* = 1, oru* = m— (K 4+2)2. Now,
a simple computation shows that the choice= m — (K + 2)? is dominated
by u* = m.

To complete this step, it suffices to show thét= 1 is the optimal choice
that is thatH (1) < m(K + 2)2.

HD = 1(/9+4K+m-1 +1)?

+1

= 1B+2K+2m+./9+4K+m—1)
< 2B+2K+2m+9+4(K +m-—1))

< (BK 4+3m+4).
Hence,
mK+2°2-H@) > mK+22—-BK+3m+4)

> mK?+4K +1)—3K -4
> (K+22%K2+4K +1)—3K —4

> 0.

Step3. The coalition structure generated by the stationary perfect equil
corresponding to strategies 1 and 2 is giveniy= (T, {]}j¢7;) Wheret; is
the first integer following2n + 3 — +/4n + 5)/2. (If +/4n + 5 is an integert;
can take on the two valugn + 3 — /4n + 5)/2 and(2n + 5 — +/4n + 5)/2.)

WhenK = 0, strategy 1 prescribes that the first player forms a singleto
fact, singletons will continue to be formed as longnas> (n — m + 2)2 + 1.
The unique coalition formed will comprigé members, wherg* is the unique
integer such that

N—t"+1% <t <(n—t"+272%+1.
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Itis easy to show that is the first integer following(2n + 3) — /4n + 5)/2.
The only possible difficult arises when there exist two integgrandt} such
thatt; = (n —t; + 1)? andt; = (n — t; + 2)? + 1. Then, strategy 1 prescribe
that a coalition of siz¢ is formed whereas strategy 2 induces a coalition of s
;. m
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